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Abstract

The main purpose of this work is to introduce and investigate fuzzy quantum calculus. Our idea begins with a general
definition of fuzzy ¢-derivative on arbitrary time scales using the generalized Hukuhara difference. It compiled some
basic facts in the fields of the fuzzy ¢-derivative and the fuzzy g-integral and proved them in detail. Proceed with
this work, specifying the particular concept of fuzzy ¢-Taylor’s expansion, especially for continuous and fuzzy valued
functions which are non-differentiable in the classical (usual) concept, as the best tool for approximating functions
and solving the fuzzy initial value g-problems. Eventually, some numerical examples of fuzzy ¢-Taylor’s expansion of
special functions and functions with switching points, are solved for illustration.
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1 Introduction

In any physical entity or some physical property, a quantum has been introduced as the smallest quantity which
can take on only discrete values consisting of integer multiples of one quantum. Its nominal root comes from ’quantus’
which is a Latin word and it means that "’how great’ or "how many’. In 1909, quantum calculus (for short g-calculus)
was applied to show the relevance between mathematics and physics by the g-differential definition [I3] and considered
the beginning of g-calculus. For more applications see [6, [7, [9, [T0] 1T, 16 17 22].

In recent decades, fuzzy mathematics has attracted attention of researchers and is progressing continually. In this
way, first section of our paper consists of some preliminaries and summary of the fuzzy details and g-calculus which
will be used in the other sections. In the time to follow, most of researches in the area were mainly directed to the
study of the fuzzy logic and the fuzzy calculus (see for ex. [II, 4] 20} 211, 24]). That is to say that at our best knowledge,
the question of the fuzzy of the quantum calculus, had never been considered. It is possible that seems difficult, but
we will develop this point in the main parts of the paper. After preliminaries, the basic definitions and fundamental
results for fuzzy g¢-derivative and fuzzy g-integral based on the generalized Hukuhara difference will be considered in
some details.
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Finding approximation of functions has always been one of the most interesting branches of mathematics. The
most practical and important tool in this area is the Taylor’s expansion representing of a function as an infinite plural
of terms which is obtained from the derivatives of function at a specific grid. Morever, it is used for approximating
functions by using a finite number of their terms [23]. It is well-known that real life phenomena such many problems
in different sciences are characterized by functions which have been presented as non-differentiable functions.

With this interpretation, since the Taylor’s expansion is introduced on the basis of the function’s derivatives;
finding Taylor’s expansion non-differentiable continuous functions will be impossible by classic methods. One of these
approaches is to take refuge to the quantum calculus. Thus, we apply the g-calculus to find the Taylor expansion of
mentioned functions because of its abilities to find the derivative using a difference operator and without computing
the limit of functions. As a result, ¢g-Taylor theorem will also be important in the quantum calculus. The concept of
a g-Taylor series was formulated due to F. H. Jackson [I4] as follows:

Let ®(z) be a function which it can written as a convergent power series and ¢ # 1, then we can write

v

a(z) =3 C i gy,

y—r. [V]!q

where

v—1 v
. k(k—1
Gty = [IG ) = 3 (7) a5t
=0 k=0 q

In accordance with the above, it is not unexpected to confront the non-differentiable functions in the fuzzy quantum
calculus. A new notation for ¢-Taylor’s formula in 1995 with S. C. Jing et al. [I5] and in 1999 via T. Ernst [§]
appeared. After that, AL-Salam and Stanton in [I2] presented the g-type interpolation series. In paper [I8] authors
introduced enough criteria to have convergence of Ismail-Stanton g-Taylor series by using the approach of [19]. In
2008, M. H. Annaby et al. [5] for Jackson g-difference operators proved g-Taylor series.

As consequently, we present fuzzy g-Taylor formula with integral remainder based on generalized Hukuhara dif-
ference for approximation of fuzzy functions, especially every continuous functions that are not differentiable or are
differentiable except on a set of isolated points.

Most of the issues in nature are led to solve of differential equations. For this reason, solving differential equations
always has been one of the concerns of various sciences. The Taylor’s expansion is the simple, introductory and original
method for solving differential equations especially initial value problems. Therefore, we can consider the fuzzy g-
Taylor’s expansion method to solve fuzzy initial value g-problems as another one of its most important applications.
The final of this paper, some numerical relevant examples have been indicated. Conclusions and future perspectives
would close the paper. For this aim, we will focus on the following topics :

e Introducing the fuzzy ¢-derivative, fuzzy g-integral and some of their features
e FExpressing and proving fuzzy ¢-Taylor theorem.
e (alculating the fuzzy g-Taylor’s expansion of special functions.

2 Basic Concepts

The aim of this section is to present some details and definitions of fuzzy and quantum calculus that will be used
throughout this paper and can be found in [2, [3] [16] [], etc.

< fuzzy calculus:
Set Rr = {¢) : R™ — [0, 1]} is the fuzzy numbers set if
I. ¢ is normal: 3z € R™ s.t. ¥(z0) = 1,
IT. 4 is convex: for 0 < A <1, (A, + (1 = A.,)) > min{e(z1), ¥ (22)},
ITI. ) is upper semi-continuous: Vzg € R™, it holds that ¥(zg) > limz_mgt U(2),

IV. [¢]° = supp(v)) = cl{z € R™ | 9(z) > 0} is a compact subset.

The r-level set is [¢], = {z € R" [¢(2) > 7, 0 <r < 1}. A triangular fuzzy number is defined as ¢ = (a1, a2, a3) €
R? with a1 < as < ag such that r-level set it is Vr € [0,1] = [¥], = [(r),¥(r)] = [a1 + (a2 — a1)r, a5 — (a3 — a2)7].
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For arbitrary ¢, ¥ € Rr and scalar k € R, we have

& addition s [1r @ o], = [W1(r) + Pa(r), ¥ (r) + ba(r)],

k> 0= [kO Y], = [k (r), kg (r)].
k<0=[k©i], = [kipi(r), ki (r)].

The Hukuhara difference (H-difference for short) of ¥1,v2 € Rr is 3 = 11 O 19 if there exists 3 € Rx such
that 11 = 3 @3 and the generalized Hukuhara difference (gH-difference for short) of these fuzzy numbers is defined

as follows _
(i) Y1 =1bo © Y3,

or(iit) g =11 ® (—1)vs,

where (i) and (ii) are both valid iff ¢35 € R. Let [¢1], = [¢1(r), ¥1(r)] and [tho], = [th2(r), ¥2(r)] be two fuzzy numbers,
the Hausdorff distance dy; : R x R — R U {0} can be defined as follows

dy(1,2) = sup max{|yy (r) — ¢a(r)], [P1(r) — a(r)[},

0<r<1

¢  scalar multiplication :

1 Og 2 = 3 &

that Vi1, 2, Y3, ¥4 € Rxr, A € R the following properties are valid:

L dy (Y1 @ 3, ¢2 @ ¥3) = dy (Y1, 92),
IL dp(Mp1, Mp2) = A | dpe (11, 902).
L dy (1 @ 2,13 ® tha) < dp (Y1, ¥3) + dp (Y2, %),
IV. dy (1 © 2,03 © tha) < dpe(91,¥3) + da(th2,94), as long as 1 O by and 3 © ¢y exist.

Function ¢ is a fuzzy valued function for ¢ : § — Rz, § C R and a r-cut of this function can be defined as
[6(2)]; = [¢(2;7), ¢(2;7)]. This function is integrable on [a, b], if be continuous by the metric dy, its definite Riemann-
integral exists and belongs to Rx. Furthermore it holds

[/abfb(z)dzL _ Uab¢(z;r)dz, /abg,(z;r)d/z] .

In this work, there is no loss of generality in assuming that ¢ € (0,1). Let p € R, the time-scale T,,, for 0 < ¢ < 1
define = T, = {2z : 2 = pqg", n € Z*} U{0}. The g-analogue of non-negative integer number n is the polynomial

<4 quantum calculus:

The g-differential of an arbitrary function ¢ : T,, — R is dy¢(2) = ¢(2) — ¢(gz) and the g-derivative it is

PRI B LY R

Further, the different order g-derivatives of ¢ as follows

DP¢=¢, DMé=Dyp, D¢=Dy(DIVeg), (v=1,23,..).

The operator g-antiderivative 4/, or Jackson integral of ¢ is following form

| s ==Y doa). v <<t
=0
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This definition implies that
b 00 0o
[ oe)dys =1 - ) 3" a'0(0) — all = ) Y a'lag).
a =0 =0
JA20(2) = ¢(2), JG(2) = LIV V() (v=1, 2, 3,..).

For v € N, the following relations valid:

V*l

DY (I¢(2) = ¢(z), 1" D ¢(= qD(’“ ¢(a).

For z # 0, we can define the g-fractional function as

H;/:_()I(Z - qzs)7 [Z8S N)

Also, we can assert that the following relations are satisfied for the g-fractional function
L (2= 8)i*m = (2 — )5 (z — ¢* )",
IL. (az — as)y e

0L (2 =)y # (=1)"(s — 2)}.

=a"(z—s)

z v— F (I/) v
IV. for all v € Z ~ [(z—qs)y tdgs = 7I‘q(1q/ 1) (z—a)y.
[V]g(z —s)y~ L w. r. t. (2),
V. for allUEZqu(z—s)Z:
—[v]g(z —gs)y~ Low. ot (s).

The g-gamma function denoted by I';(-) and can be found using

(1-qy!
L,(v)= ﬁ, veR/{O}UZ_, 0<qg<1,
(1-q)
which for non-negative integer number v we get
1—4q"
Lo(v +1) = [v]gl'y(v) = 1—¢ Lq(v) = [V,

Lg(1) =1, [l = [l — g [2q[1]g, [0]g! = 1.
Now the g-gamma function can be explicitly written as
PD(L +1)

r = , 0<g< 1.
(I(V) (1_Q)UF(1T1L]+V+1) q

For 0 < k < v, g-binomial coefficient is given by

(26), = (), =

Note that when ¢ — 1, the g-binomial coefficient is reduced to the binomial coefficient of the standard calculus. The

g-sin(z) and the g-cos(z) functions are defined as cosq(z) = ej% Then D, cosq(z) = —sing(z), sing(z) = %
This implies that D, sing(2) = cos,(2). Then
iz . 3 — (zz)y
eq = cosy(z) +ising(z) = Z B
v=0 4

for all z € T, where efzz is g-exponential function.
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3 Fuzzy Quantum Calculus

In what follows, fuzzy g-derivative based on concept of generalized Hukuhara g-differentiability has been introduced.
Consequently, obtained results and properties of fuzzy g-differentiability are useful.

Definition 3.1. Let ¢ : T, = R is arbitrary fuzzy-valued function and ¢(z) ©4m ¢(qz) exists, g-differential of ¢ by
gH-difference is

9Md,¢(2) = 6(2) Ogmr ¢(g2)-
On the other hand, we have
[6(2) Ogmr ¢(q2)]; = | min{p(z;7) — ¢(gzi7), ¢(237) — dlgz;r) } max{@(z:7) — ¢(qzir), (257) — dlgz; )},
that existence conditions of 99 d,¢(2) = ¢(2) Oyn ¢(qz) € Rr are

dyd(z;7) = @2 7) — $lgz;7), is increasing,

case(i) { d,d(z;7) = B(2;7) — Blaz;r), is decreasing,
dg(z;71) < dy(2;57),
dyp(z:7) = B(z:7) — Blgz;7), is increasing,

%r) — ¢

dep(z;7) < dgd(z;7).

case(it) ¢ dgd(z;7) = P(2;

(gz;7), is decreasing,

So, the fuzzy generalized Hukuhara g-derivative (for short 5 [gH]-derivative) of ¢ can be presented as follows

gH z z z
FDg(z) = ZZ‘Z( ) _ A )(f)jfz;:(q ) et —{o}.

Definition 3.2. Let ¢ : T, — Rz and 9"d,¢ exists. we say that ¢ is [ [i.gH]-differentiable(for short ['[i.gH]-D) if

[5D¢i.gH(z)]r = [Dq?(Z;T% an(z;r)}v 0<r<I1,

and ¢ is ['[ii.gH]-differentiable(for short ['[ii.gH]-D) if

[5D¢ngH(Z)]T = [Dq¢(2:;7“), Dq?('Z;r)]’ 0 S r S 17

where

Dypteir) = LN ZHI Gy = Ol Slazir)

(1-9q)z
Definition 3.3. For fuzzy valued function ¢ on T, a point & € T, — {0} is said to be a switching point (S.P) for
the 5[gH]—D of ¢, if in any neighborhood V of & there exist points z; < &y < z2 such that

(type I) ¢ is ['[i.gH]-D at z; while ¢ is not [ [ii.gH]-D at z1, and ¢ is ['[ii.gH]-D at zp while ¢ is not r'[i.gH]-D at
Zg9, Or

(type II) ¢ is [[ii.gH]-D at z; while ¢ is not ['[i.gH]-D at z1, and ¢ is ['[i.gH]-D at z; while ¢ is not { [ii.gH]-D at
z9.

Definition 3.4. Function ¢ : T, — Rz is ['[gH]-D of the v*"-order at zy whenever the function ¢ is £ [gH]-D of the
order m (m =1,2,...,v — 1) at zp, moreover there is not any S.P on T, then there exist /' D"¢(z) € Rx such that
s D" 'd(20) O 4 D" d(qz0)

EDY¢(z0) = o .
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Theorem 3.5. [21] Suppose that [¢(2)], = [p(z;7), ¢(2;7)] and ¢(z) Sgn ¢(qz) exists, the function ¢ is F[gH]-D if
and only if for all r € [0, 1], ¢(z;7)and ¢(z;7) are g-differentiable with respect to 2 and

[ Do(2)]r = [min{Dyd(z;7), Dyd(z:7)}, max{Dyd(z;7), Dyd(z:7)}]-

Now, on account of the process described in [I4] for g-antiderivative, we have following definition for the fuzzy
valued function:

Definition 3.6. Let ¢ : T, — Rz, by Deﬁnitionof FlgH]-derivative and the operator M, defined by M, (®(z)) =
®(qz), we have

o (L M) = PR o)

(1-9q)z
then, we can find the fuzzy g-antiderivative as

=1 _qu (1=q)2¢(2)) =(1-q) © ; Mi(2(2)),

®(z)
putting ¢ = 0 and applying the geometric series, the fuzzy Jackson integral can be obtained as

0o = | [ otdys| = | [ otsiridys. [ Bsiras]

SRS WTERRIES wrte]

=0

Then oo
O(2)=(1-q)20> ¢ ©o(g'2).

=0

In the remainder of this study, C;(T,,Rx) is applied to show the fuzzy valued continuous functions which is
defined on T, and C}’(T#, Rz), n € N for the space of fuzzy-valued functions f on T, such that itself and its first n,
g-derivatives are all in C¢(T,,Rx).

Lemma 3.7. Suppose that (Rr,dy) is a Banach space and ¢ € C¢(T,,Rx) then for all a,z € T, f: ¢(s)dys exists
and belongs to Rx(i.e. ¢ is g-integrable).

Proof . See the proof in [6]. This reasoning is similar to those in the Remark 4.3 and 4.5 appears in [6, Ch.4]. O
Lemma 3.8. Let ¢ : T, — Rx be a fuzzy continuous function then [ ¢(s)dys is a continuous function for z € T,,.

Proof . By the definition of g-integral (Definition [3.6)) and under the assumption of theorem, functions ¢(aq’) and
#(zq") are continuous for a,z € T,. On the other hand, a(1 — ¢) and 2(1 — ¢) are non-negative and continuous on T,.
So, for all z € T, f: ¢(s)dys is a continuous function. O

Lemma 3.9. Let ¢ € C¢(T,,Rr), m € N and z,-1,2m—2,...,2 > a, all belong to R, then the fuzzy g-integrals

f:""—l ¢(Zm)dqzm7 fazm_2 (fazm_l ¢(Zm)dqzm)dqzm—17 "'7f:(f:1 f:m_Q(f:m_l ¢(zm)dqzm)dqzm_1...)dq21 are continu—
ous functions in z,,_1, Zm—2, ..., 2, respectively.

Proof . The proof is by induction on m € N:

Assume that the lemma holds for (m)-times operator g-integrating from function f, we will prove it for (m + 1)-
times operator g-integrating from function ¢. By Lemma since ¢ € C¢(T,,Rr) thus f;m’l d(2m)dgzm is a
continuous function in z,_;. Furthermore, under the hypothese of induction, [~ (™" ¢(2p)dg2m)dqzm—1, -,
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—times

/ / / / O(2m)dgZm)dgZm—1...)dqz1 are continuous functions in z,,—2, Zm—3, ..., 2, respectively.

(m+1)—times

167

By

Zm41
Lemmal(3.8] it follows easily that / / / / / &(2m)dgzm)dgzm—1...)dgz1)dg% is a continuous func-

tion in 2,41, which is our claim.

Lemma 3.10. Suppose that ¢ : T,, — R is a fuzzy valued function and 5Dd> is continuous and ¢-integrable, then

/z 5D¢(S)dq3 = ¢(2) Ogrr d(a).

Proof. Let ¢ be a ['[i.gH]-D function for r € [0,1]

[ tomn] = o | it

(3.1)

In continuation, by using the definition of g-integral in Section 2 and assumption g-integrable of 5 Doy, we have

/ Dy¢(s;r)dgs = 2(1 - q) Zqu¢ 2¢';r) —a(l —q) Zqu¢aq r),

=0
by the definition of g-derivative

d(zq';m) — d(zq" T r)
(1—-q)zq

Dyo(tq';r) =

Then

B > 2q'; 1) — ¢(2q" L) —wfztr—fz“'l'r 0<g<l 70\ _ 5
(1 ng [ =T }—Zaﬁ(q,) (=g ) TE 6(z) = 6(0),

and also

a(1 — q)Dyd(aq’sr) = d(a;r) — $(0).

Substituting Egs. and into (B.2), we obtain
/ D (s: r)dgs = B2 7) — Blas).

It is found in the same trend
/ Dyé(s;7) = ¢(z;1) — Pp(a;r).

Substituting (3.6) and ( into (3.1]) yields

{ | 5D¢i.gH<s>dqs] = [6(z57) — 9las ), Blz57) — Blasn)] = [6(2) © bl
It remains to exclude the case when ¢ is ['[ii.gH]-D. Similar arguments apply to the ['[ii.g H]-D

{/Zfobu.gH(S)qu} = [¢(z;7) = d(as7), ¢(2;7) — d(as)] = [(=1) © (8(a) © 6(2))],-

which completes the proof.

(3.2)
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Theorem 3.11. Consider ¢ : T, — R is fuzzy FlgH)-D such that the type of 5[gH]—D of ¢ in T, do not change.
Then for t € T,

L If ¢(s) is ['[i.gH]-D then [ D¢; gp(s) is g-integrable over T, and

o(2) = ¢(a) ® /Z 5D(bi_gH(s)d s

II. If ¢(s) is [u gH]-D then D¢” g (8) is g-integrable over T, and
6(:) = 6@ 0 (-1) [ IDowsgn(s)dys

Lemma 3.12. Suppose that ¢ : T, = Rz is fuzzy | FlgH]-D and FDngH( ) € C¢(Ty, Rr), then

/ qFDgZ)i_gH(s)dqs =(-1)0o / qFDqZ)ii_gH(s)d s

Proof. Since f;qui,gH (s) is continuous, according to Lemma it follows that qFqui,gH (s) is g-integrable and using
Lemma yields

[/ FDés gir(s ]:[ Dq¢srds/ Dyo(s;7)d, }

= [¢(a;r) = d(z;7), d(a;r) — o(z7)] = [¢(a) © ¢(2)]:, (3-8)

moreover

{/a qFD¢ii<gH(S)qu] = [6(z7) — dla;r), (z;7) — P(a;7)] = [(=1) © (é(a) © ¢(2))]r- (3.9)

By combining (3.8]) with (3.9)), the lemma follows.

Theorem 3.13. [22] Let ' DW¢ : T, — Rr and FDU¢ € C4(T,,Rz), j=1,...,v. Forall z€ T,

I. Consider 5D(j)q§, j=1,...,v are [2 gHJ-D and without changing the type of F[gH] D on T, then

z

5D(j_1)¢i.gH(Z) _ (I;D(j—l)@._gH(a) e / 5D(j)¢i,gH(s)dqs

a

II. If 5D(j)<b, j=1,..,v are 5[ii.gH]—D and the type of 5[gH]—D do not change on T,,, then
(I;D(jfl)(ﬁii.gH(Z) _ 5D(j*1)¢“_gH(a) a5 / 5D(j)¢ii.gH(5)dq5

III. Assume that FD )¢ for j = 1,...,v exist and in each order of ¢-differentiation, the type of 5[gH]—D changes
on T,(1ie [gH] D changes from Fli.gH] to Flii.gH] and vice versa), then

FDUN g gu(z) = FDUVg; p(a) © (—1) [T FDWDepy; g (s)dys,  jis an even number,
5D(j71)¢ii.gH(Z) = 5‘D(j71)¢ii.gH(a) o(=1)[7 5D(j)¢¢.gH(s)dqs, j is an odd number.

Having disposed of these preliminary contents, we can introduce fuzzy g-Taylor’s expansion in the next section.
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4 Fuzzy g-Taylor Theorem

In this section, we focus on fuzzy ¢-Taylor theorem around ‘a’ which is a suitable number. This theorem provides
a criterion for approximating fuzzy valued functions. In order to get favorable results, it is necessary to put some
restrictions:

Theorem 4.1. Let FD Vg € Cf(’]T#,R}-) j=0,..,v. Fora,z€T,,
I If 5D(J ¢, j =0, 1 ,v—1are Fli.gH]-D, provided that the type of 5[gH]—D has no change on T,,. Then

(z — a)g_l

2
¢(2) = la) ® ; Dy gr(a) ® (—a)y & 'DPg; gr(a) © Eoa) @..® FDV Vg n(a) @ )
q

v—1 (Z - a).(]] F i)
=00) @Y F gy © o DVbion(@) @ Rulas2),
j= q

where R, (a,z2) := [ (

a

II. If 5D(j)¢, j=0,1,...,v—1 are 5[ii.gH]—D, provided that the type of qF[gH]—D has no change on T,,. Then

i.gH\Zv )0qZy qRv—1---0g22 q?1-
fz1 le,—‘z (fz,,_l qFD(u)¢ ( )d d d )d

a a a

R 0 E DD (0) © (- R(a2),

where R, (a,z) := faz (f:l ...faz”_Q (fz”_l FD(")@Z‘ gi (20)dg z,,) dgzy—1...d 22) dgz1.

I If FDW¢, j=2k -1, k € Nare I'li.gH]-D and Y'DW¢, j =2k, ke NU{0} are '[ii.gH]-D, then

612) = 6@) & (1] Do) © C= 21 & EDD 5 i) oD © (10 (1)
§-1 | o)
P0GV gn(o) 0 E U @ D6 (@) 0 C I 0 (1) 0 (<) Rufa )
B 1 (z— a)j 1 (- a)l
= ¢(a) © (1) ; TRy © 4 DY iign(a) & ; F T : DV oigr(a) © (~1)Ry(a, 2),
j is odd j is even

where R, (a,2) := [ (

a

faZl faZV72 (f;”*l qFD(V)QSmgH(Zu)quV) dqzu—l'-'quQ) d(IZl-

IV. For FDU¢ € Cs(T,, RF), j > 3, suppose that ¢ on [20,¢] is F[(ii) — gH]-D and on [f,z,,] is F[i.gH]-D, in fact
€ is S.P (type II) for first order ['[gH]-derivative of ¢. Moreover, for a € [z, £], let second order [gH ]-derivative of ¢
in & of [a,£] have S.P (type I). On the other hand, the type of [gH]-D for qFD(j)d),j <wvon ¢, z,,] do not change. So

6(2) = 0la) & (1) Do g () © St & (DF DDy ) 0 L= 2He
(f—a)q 2 (5*51)2 (0*51)2
© T,2) © (—1)5D( ) biigr (61) @ { P ORE) }

(z = &)q ( 5)3 5

51 z
F(3)
Fq(Q) / D . QH(Z4)d 24) d ZZ) dgz1

© (—U/j (/ (/ £D® ¢y gp (25)d z5> d Z3) ea/g (/é </ §D<3)¢i.gH(53)dq33> quQ) dgsi.

e Do gu(6) ©
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Proof. Under the assumption that ©'D®¢ € C;(T,,Rr), i =0, ..., v, we can write X' D¢ are g-integrable on T,
I. Since ¢ is a continuous function and qF [i.gH]-D, by Theorem we see that

o) = 0@ @ [ EDoum(e1)dpe

The Theorem now yields

1
FDgi grr(z1) = F Dy g1t (a) @ / FDO) g, o11(22)dg 2.

a

Therefore, gives

z z z z1
/ qFD¢>i.gH(Z1)qu1 Z/ 5D¢i.gH(a)dqzl@/ </ 5D(2)¢i.gH(Z2)qu2) dqz1

= 5D¢i~gH(a) © (ZF(;))(I S / </ 1 5D(2)¢i.gH(22)dq22> dqzl-
q a a

Since the last double g-integral belongs to Rz and using Lemma [3.9] finds

¢(z) = ¢(a) ® L Doy gn(a) © (qu_(g))q o /a (/ 5D(2)¢>i_gH(z2)dqz2> dyz1.

By similar argument gives

2
5D(2)¢i.gH(22) = 5D(2)¢i<gH(a) ® / 5D(3)¢i-gH(z3)dqz3'

Applying operator g-integral to 5D(2)¢7;.9H(22), we obtain
g 2) F 1y (2) (21 —a)q o “p (3)
g D 0ign(22)dgz2 = { D'W; gr(a) © T, D g D" i gn(23)dy2s | dgza,
a q a a

furthermore, by the definition of g-integral, we get

z z1 z—a 2 z z1 22
/ </ 5D(2)¢’i.gH(22)dqz2) dqz1 = 5D(2)¢i.gH(a) © (F(g))q & / (/ (/ qFD(3)¢i-gH(ZS)quS> dng> dqzl'
a a q a a a

The last triple g-integral belongs to Rz, the Lemma [3.9] gets

6(2) = d(a) @ g Doign(a) © (ZF_(;))q ® 4 DD, 41 (a) ©

z zZ1 zZ2
@/ (/ (/ 5D(3)¢i.gH(23)dq23> dq2’2> dqzl.

The high order of the last formula by Lemma [3.9]is a continuous function in terms of z so it belongs to Ry.
With the same manner, we can demonstrate that part I is satisfied. The same proof obtains when we consider the
assumption 5 [i2.9H]-D of ¢. So, the proof of part IT has analysis similar to the proof of part I and the details are left

to the reader.
IIL Let ¢ be the ['[ii.gH]-D, using Theorem we get

6(2) = dla) © (~1) / P D (1) g

Based on the assumptions of theorem we know that ¢ is ['[ii.gH]-D and [ D¢ is ['[i.gH]-D. Thus, the Theorem

B-13] gets

EDojigr(21) = F Déyigr(a) © (—1)/ ED® ¢, g1 (22)dgzs.

a
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Now applying operator g-integral to £ Dey; g (21) gives

z 2 —a z z1
/ 5D¢u‘.gH(Z1)qu1 = 5D¢u.gH(a) © ( Ja O (—1)/ </ 5D(2)¢i.gH(ZQ)quQ> dgz1.
Using Lemma the double g-integral can be obtained which belongs to Rx. So
F (z—a)q - “r (2)
¢(2) = ¢(a) © (-1) Dis gr(a) © 1-‘7(2) @ ¢ D 0ign(22)dgzo | dgz1.
q a a

Similarly, since 5Dgz5 is f;ﬂ[i.gH]—D7 5D(2)¢> is 5[ii.gH]—D and we get

z

2
FD®g, 1(20) = FDP g, y(a) © (1) / 8 DD i g (23)dy 23,

a

and
“r (2) F 1y (2) (21 —a)q o “r (3)
q D ¢i,gH(Z2)dq22 = q D (;Si,gH(a) ® 7F © (—1) q D ¢ii‘gH(23)qu3 quQ.

Now, applying g-operator faz, gives

(z — a)g

z 21
/ </ (I;D(2)¢i.gH(Z2)dqz2) dqzl = qFD(Q)(ZSng((Z) © ——
a a Fq(?’)

o (71)/ </ 1 </ ’ 5D(3)¢ii.gH(Z3)qu3> quZ) dgz1.

Since the Lemma [3.9|is satisfied, the last triple g-integral belongs to Rz. Then, we have

6(2) = 0la) & (1) Do) © )t & £ D D61 pn() 0

o (—1)/a </a 1 </a ) 5D(3)¢ii.gH(Z3)dq23> dqz2) dqz1-

Using the same process, the proof for this 5[gH}—D can be done.

IV. Let ¢ be the f;[ii.gH]—D in [a, €], now Theorem yields

£
6(6) = d(a) © (~1) / F Doigrt (21)dy 1, (4.1)

and in the interval [€, 2,], ¢ is I'[i.gH]-D, so it is conclude for z € [¢, z,]
o) = 4(6) @ /\f TP D i (s1)dgs1. (42)
We know that £ is a S.P for 5 [gH]-differentiability ¢ thus by replacing in we get
#(z) = ¢(a) © (—1) /j 5D¢n.gH(Z1)qu1 @ /; 5D¢i_gH(sl)dqsl- (4.3)

Consider the first g-integral on RHS of the Eq.(4.3)):

By noting to assumptions of the theorem, the 5[gH]—derivative of the function ¢ has the S.P &; of type I. So,
qFDgé“-_gH is 5[i.gH]—D on [a,&1], then type of 5[9H]—differentiability change. By these conditions, the Theorem ,
admits that c

1
EDiigr(&1) = £ Doiigr(a) © (—1)/ D@ g g1 (22)dg2a. (4.4)

a



172 Noeiaghdam, Rahmani, Allahviranloo

On the other hand, we know that ¥ Dey; gpr is Flii.gH]-D on [£1,€] and the type of ['[gH]-differentiability do not

change. Thus, for z; € [&1,&] from Theorem it follows that
z1
5D¢ii.gH(Zl) = 5D¢ii.gH)(§l) @ / 5‘D(2)¢ii,gH(23)dq23'
1
Replacing Eq.(4.4) into Eq.(4.5) gives

&1 21
EDoiigr(21) = £ Doiigr(a) © (—1)/ 5D(2)¢i.gH(Z2)qu2 69/ 5D(2)¢ii.gH(Z3)dqz3-

a &1

Thus,

z2
(I;D(2)¢i.gH(22) — 5D(2)¢i‘gH(a) @/ 5D(3)¢i‘gH(z4)dqz4»
Then
% Epe) F () @ —a)g . [ [*Fpo
/ ¢ DY bign(22)dgzo = ¢ D gn(a) © 1,02 @/ / a D7 i (24)dg2s | dgza,
a q e “
and
23
s D i gr(23) = § Dy g (&1) ® / g D Gii g (25)dgzs.
Then

1

Applying Eqs.(4.8)), (4.10) and (4.6) we get

FDéiigr(21) = F Déizgn(a) © FDP ¢y gy (a) © (Clr—(é;))q ® 5D ¢y (&)
q

zZ1 — &1 22
© (11“,1(25)1)(1 © (—1)/a (/a 5D(3)¢i.gH(Z4)dqz4) dyzo

Z1 z3
@/ (/ 5D(3)¢ii.gH(Z5)qu5>dq23.

Finally, in the RHS of Eq.(4.3]) the first g-integral can be obtained as

13 —a a—§&
/a FDiigr(21)dgz1 = § Doyi gri(a) © (51“(1(2))(1 0FD®¢; gu(a) © (Fqé))q
(£ —a)g €E-&)2 (a-&)2
o o P omamten St - g

3 S 22
o (-1) / < / ( / 5D<3)¢i.gH(z4>dqz4> dqz2> dy2
€ z1 23
69/ (/ </ 5D(3)¢n.gH(Z5)qu5> qu:s) dgz1.

In order to find the second g-integral on RHS of the Eq.(4.3). Now, for the first ¢g-integral, we have:

zZ1 2 — 21 Z3
/ D@ ¢y gn(23)dgzs = DP i g (€1) © (}(25)1)‘1 69/ (/ qFD(3)¢ii.gH(25)dq25) dgz3.
q 1 1

(4.5)

(4.6)

(4.9)

(4.10)

(4.11)
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Due to the hypothesis of the theorem, ¥D®W¢; oy, i = 2,3 are ['li.gH]-D on [£,z,], and the type of F[gH]-
differentiability do not change. By Theorem [3.13] we deduce that

PDeigr(s1) = ¥ Doy gn () @ /5 FD® i gr(52)dys2, (4.12)

and

82
eDP G g (s2) = FDP i g (§) @ /£ 5 D® ¢y gr(s3)dyss.

(4.13)

Then

|50y = D06 0 S e [T ([T EDS0 s ) dse (00
£ 3 3

Substituting (4.14]) into (4.12)) we obtain

ED¢ig(s1) = EDeign(©) @ EDP gy gu(€) © (SE‘(;))Q @/5 1 </§ 2 5D(3)¢i-gH(53)dq53) dgs2.
q

Thus, the second g-integral on RHS of the Eq.(4.3)) can be obtained

/5 5D¢i.gH(81)dqsl = qFDdh'_gH({) o (qué))q

@/E (/E 1 (/E 2 5D(3)¢i.gH(53)dq53> quQ) dqsl- (415)

In Eq.(4.3): By substituting Eqs.(4.11)) and (4.15)), in Eq.(4.3)) we imply that establishes the formula of final part
and this is precisely the assertion of the fuzzy g-Taylor theorem.

2D ¢ g (€) ©

Lemma 4.2. Let 5D(")¢ € C#(T,,Rx) and z € T,,. For finding the fuzzy ¢-Taylor’s expansion of ¢ around zg € T,
we have

I If 5D(j)¢), ji=0,1,...,v—1 are ém[z‘.gH]—D7 provided that type of f;[gH]—D has no change on T,,. Then there
exists n € T, s. t.

¢(2) = ¢(20) ® Z [M 5D(j)¢i.gH(Zo)] D

(z — ZO)Z .
e DW g, )
Fq(l/ + 1) @ q ¢ gH(n)

II. If 5D(j)¢, j=0,1,...,v—1 are qF[ii.gH]—D7 provided that type of 5[gH}—D has no change on T,,. Then there
exists n € T, s. t.

v—1
(2 — 20)5 o Fpl } (z — 20)y
— o) RS D(J) L o(-1 7‘1@FD(V) . .
d)(z) ¢(ZO) ( )j:1 |:Fq( ) q ¢m.gH(ZO) ( )Fq(l/ T 1) q ¢zz.gH(77)
I11. IfFD(J)qu j=2k—-1,k=1,.,%"* are [ng}Dand EpWe, j = 2k, k—O,l,...,;are Flii.gH)-D
where v — 1 is an even number, then there ex1sts n 6 T, s. t.
) = -« (z - q FD(] -« (2 - )q FD (20)
¢(Z - z; q ] +1 ¢u gH ZO Z_: Fq(] T 1) © ¢z gH 20
J s od 7 z?s_even
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IV.If ¢ has a S.P at £ € T, of type II (i.e. F[gH]-D changes from F[ii.gH] to F[i.gH]) and suppose that the type
of FlgH]-D for Y'DW¢, j=1,...,v— 1 are I'li.gH]-D. Then there exists n € T}, s. t.

¢(20) © (20 — 2) © § Diigrr(20) ® Y- [éz (]Zi)l) © § DD, gu(20)

(z z) v
EBF (u—?—l) © 5D ¢)i-9H(n)7 0<z< {7

¢(z) =

Bla) & T | Fees o D<j>¢i.gH<zo>] & 1oty © £ D)o (), <

V.1If ¢ has a S.P at £ € T, of type I (i.e. £ [gH]-D changes from E[i.gH] to F[ii.gH]) and suppose that the type
of FlgH]-D for Y'DW¢, j=1,..,v— 1 are I'ii.gH]-D. Then there exists n € T, s. t.

¢(ZO) &) (Z - ZO) © FD¢ng(ZO) © (_1) Z;I;Ql |:(Z (]Zi)l) © FD )(bu gH(zO)

(2—20)y v
6(z) = ¢ Ot ot © 4 DY iign(n), 0<z<¢,
v—1 | ( )4 (2=20)4 v
9(20) © (-1) 750 Z(ﬁl) © gDV gH(zO)] O (D) © ¢ DV biign (), (<

Proof. Given that the preceding theorem the proof is straightforward.

At the end of this section, we illustrates the importance of fuzzy g-Taylor’s expansion study by expressing two
basic applications.

4.1 Applications of the fuzzy g-Taylor’s expansion

1 In the early 19th century, most mathematicians believed that a continuous function is always differen-
tiable (have derivatives everywhere) except at a significant set of points on a domain. However, further exploration
between the dependence of continuity and differentiability propelled to the finding of continuous nowhere differen-
tiable functions. Probably the first example of a continuous nowhere differentiable function on an interval is Bolzano
function(/1830). Afterwards many functions published with that particular condition including; Cellerier function (=
1860), Riemann function (= 1861), Weierstrass function (1872), Darboux function (1873), Peano function (1890) and
etc. The existence of such functions increased the importance of examining g-Taylor’s expansion.

As we mentioned before, the most important advantage of using the fuzzy g¢-Taylor’s expansion is to find the
fuzzy g-Taylor’s expansion for fuzzy-valued continuous functions that are non-differentiable (or non-derivable) in the
classical sense. In fact, without paying attention to non-differentiable (in conventional expression) of function in some
points, the fuzzy g¢-Taylor’s expansion is able to introduce an approximation for continuous function in the same
points of non-differentiable. Fuzzy Weierstrass function is one the examples of a pathological fuzzy-valued function in
a mathematical science. It is defined from the real line to the fuzzy numbers set which its particular property, being
differentiable nowhere but continuous everywhere. This function is defined as a Fourier series in the following form

z)zc@Za”cos(b”ﬂ'z), where 7<beZj, | 0<a<1, ceRr,ab>1+3m/2.

In this paper, it is not our purpose to study of fuzzy g-Taylor’s expansion of fuzzy Weierstrass function, rather we
leave it to the reader to verify which this result is not far from being conclusive.

2 In approximation theory, fuzzy Taylor series expansion is a powerful tool. This expansion is the basis of
many numerical methods that plays a basic role for studying the local behavior of a suitable fuzzy function. One of
the important applications of fuzzy Taylor’s expansion is the solving of the fuzzy differential equation (specially the
fuzzy initial value problems). According to this description, solving the fuzzy initial value g-problem (i.e., includes
g-derivative) will also be important. Let us consider that the fuzzy initial value g-problem as follows

s Dy(2) = o(t,y(2)), z€Ty,

y(0) = yo € RF,

denotes the positive odd integer number.
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where ¢ : T, x Rr = R is continuous and y(z) is an unknown fuzzy function of crisp variable ¢ € T,,. Furthermore,
F'Dy(z) is the ['[gH]-derivative y(z) with the finite set of S.Ps. For solving the same problem above, one of the most
basic proposed numerical methods can be the use of the fuzzy ¢-Taylor’s expansion that introduces its approximate
solution. Since this method obtains an approximation in the form of a fuzzy ¢-Taylor’s series around zero, by regulating
the step length used in the g-Taylor’s expansion and the increase in the number of expansion sentences, the error of
the approximate solution can be reduced, obviously.

In the future works, we will examine the details of these applications that no attempt has been made here to
develop.

5 Numerical Simulations

Here, we will investigate the some general examples and according to the previous section, present the ¢-Taylor
expansion of these fuzzy functions. The figurs associated with the examples plotted using Wolfram Mathematica 9.0
software.

Example 5.1. We know that, a function may not be equal to its fuzzy ¢-Taylor’s expansion, even if its fuzzy ¢-Taylor’s
expansion converges at every point. A function that is equal to its fuzzy ¢-Taylor’s expansion in an open interval (or
a disc in the complex plane) is defined as an analytic function in that interval. Consider that the following £'[i.gH]-D
analytic function ¢(z) = (0,1,1.5) ® 2”, where v is a positive integer and zo is arbitrary point that belongs to T,,. For
1=1,2,....7, j <v, 5D(i)¢ are exist and qF[i.gH]—D. An easy computation yields that

[Dyp(2;7), D,¢(z;7)] = [r,1.5 — 0.57] [V]qzl’*l,

[DP) §(z57), DD G(z:7)] = [r, 1.5 — 057 ]glv — 12" 2,

[Déj)g(z; r),Déj)q_ﬁ(z;T)] = [r, 1.5 = 0.57]|[V]4[v — 1ge-[v — 5+ 1]42" 7.

We know that ¢ is fuzzy valued function and 5[i.gH]—D that the type of 5[gH]—D has no change on T,,. Now, the
Theorem [4.1] implies, the fuzzy g-Taylor’s expansion of ¢ around zq is as follows

— Z zZ — Z 2
[0(2)]r =[r, 1.5 — 0.5r]zf + [r, 1.5 — 0.57“](ZFq(ZO))”?[IJ]qz(‘)’_1 +[r, 1.5 — O.5r](nz(?:)))‘1[u]q[y — gz %+
15— o.5r}m[y]q[y )y =G e e [ 15— o.5r]m[u}q[y 1)y [20[Ls.

To simplify we can rewrite this expansion in the following form

¢(z) =(0,1,1.5)© (v (z = 20)5 25",
25 (0) w4

where (Z)q is called g-binomial coefficient. The plot of this example is observed in Figure a).
In the next example, we will build a binomial formula involving the g-binomial coefficient.

Example 5.2. Consider the following fuzzy valued function

¢:T, = Ry,

#(z) =kO(c+2)y, keRg
where v is a non-negative integer, ¢ be any constant and k = (1.3,2,2.1) is fuzzy number. Using the fuzzy g-Taylor
formula for j < v, let us calculate the expansion of ¢ around zy = 0. For this purpose, since ¢ is 5 [i.gH]-D function
and the type of 5[9H]—differentiability has no change on T, we first compute 5D(i)gz5 fori=1,2,....5 <v,so

[Dy¢(z;57), Dqg_ﬁ(z; r)] =[1.3+0.7r,2.1 — 0.1r][V]4(c + qz)Z_l,

[D((IQ)Q(Z; r), D((Iz)qg(z; r)] =[1.3+0.7r,2.1 — 0.1r][v]4[v — 1]4 q(c + q2z)2_2,

(DD (1), DDG(z;7)] = [1.3 4 0.7r,2.1 = 0.0 [V]g[v — gl —j + 1]y ¢" 7 (c+¢2)2 7,
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1.0 r 10

Figure 1: (a) Graph of the fuzzy ¢-Taylor’s expansion of the function ¢ for ¢ = 0.6, v =3, zp =2 and 0 < z < 100
in Example (where the lower branch is Cyan and the upper branch is Blue). (b) Graph of the fuzzy g-Taylor

expansion of the function ¢ for ¢ = 0.01, » =6, ¢ =1 and 0 < z < 50 in Example (where the lower branch is Blue
and the upper branch is Green).

It satisfies all the other conditions for using of the Theorem In continuation, substituting the above relations
in the fuzzy g-Taylor formula, we deduce

6(2) = (1.3,2,2.1) & kZ:O (Z)qqk(kgl)cy—kzk7

which this coefficient is called the Gauss’s g-binomial formula. The fuzzy ¢-Taylor’s formula of this example presented
in Figure [T|(b).

Example 5.3. Consider that ¢ : T, — Rz, ¢(z) = (0,0.5,1) ® (¢ — 2);. In order to find the fuzzy g-Taylor’s
expansion, on account of the Theorem we have

P P D)), = (1) Wyl — q2)2 10501 — 0.5,
Second = aD [ 5D(2)¢(Z)]r = [V]qlv +1]q glc— q22)2’72[0.57“, 1 —0.57],
DI AP [FDOG()], = (~)Wlgenlv + 3 — gg ™5 (e — a?2)2 790,57, 1 - 0.57),

i+

i+1)th— I'D ) . )
U P L E DG, = gl + 5 — gl + 1100 F > (c — 71 2)r =971 [0.5r, 1 — 0.57].

It is obvious that if ¢ < zg or ¢ > zg, the type of 5[9H]—differentiability for (I;D(J‘%7 j <vonT, will change i.e.,
the fuzzy function ¢ in Example [5.3] has a some S.Ps. Now, Theorem [£.1] leads to

v—

L (e—z)*

$(z) = (0,0.5,1) © | (¢ — 20)y © (—1) Z w[u]q[u + 1.+ k—1],
k=11

qk(k2—1) (C— qkzo)gik o (_1) (C— 0)q

2
Fq(V + 1)

v(v—1)
N
We rewrite this formula then the fuzzy ¢-Taylor’s expansion of ¢(z) will be as follows

$(2) = (0,0.5,1) @ (¢ — 20)" © (1) XV: K” k= 1)q ¢ (e — 20)! ©(0,0.5, 1)} :

k
k=1

Figure [2a) shows the fuzzy g-Taylor’s expansion of the function ¢(z) around zo = 10 that is one of the S.Ps.
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Figure 2: (a) Graph of the function ¢ for ¢ = 0.45, v =7, ¢ = 2 and 0 < z < 20 in Example (where the lower
branch is Brown and the upper branch is Red). (b) Graph of the function ¢ for ¢ = 0.76 and —3.5 < z < 3.5 in
Example (where the lower branch is Gray and the upper branch is Blue)

Example 5.4. Let us consider that ¢(z) = (0.2,1,1.6) ® cosq(z). We want to write the fuzzy ¢-Taylor’s expansion of
the function ¢ around zy which is a suitable number. As a result, we find that

First— 7D and (j—1)th— ;D p )
~ [ 4 Do(2)]r = [0.2+0.87,1.6 — 0.6r](—1) siny(2),

S d— D and (j)th— D
et a D O (F D) (2], = [0.2 4 0.8r, 1.6 — 0.6r](~1) cos, (2),
ji+1)th— D )

UL P I F DU g(2)], = 0.2+ 0.87, 1.6 — 0.6r] sing (2),

(j+2)th— I D
~ [

FDUDg(2)], =[0.2 + 0.8r,1.6 — 0.67] cosg(2).

It obvious that ¢ has the number of S.Ps. The conditions of Theorem [4.1] are established, then there exists n € T,

#(z) =(0.2,1,1.6) ® [cosq(zo) o (-1) ((z — 20)q8ing(20) ® (Z[;]j!o)q cosq(zo))

z—20)3 z—20)g 28y
@ (([i%]q!O)q sing(z0) ® ([ZLMO)q cosq(zo)) o(-1..o (_1)(7?)(1 Sinq(n)]-

To illustrate the behaviour of the fuzzy g-Taylor’s expansion of the fuzzy valued function ¢ around zy = 1, please
refer to Figure [2[(b).

6 Conclusions

In classical (or conventional) computer, the standard calculus is used as a discrete tool. Currently, it is studied a
quantum computer is faster than the classical computer numerically. Perhaps it can be said the one of most important
difference between the quantum of the classic is how to store information. In a quantum computer, it is stored as
g-bits (quantum bits) while in a classical computer, information is stored as bits. Other difference between them is
due to the definition of derivative, in a way the g-calculus works without the definition of limit, it applies the most
desirable to a computer. As a result, efficiently quantum computers may be able to solve problems which are not
practically possible on classical computers. The development of this calculus is contributing to the implementation of
quantum computing.

In this paper, our main idea is to introduce appropriate formulas for fuzzy ¢-derivative and fuzzy g-integral based
on generalized Hukuhara difference. Then definitions and basic theorems related to them has been asserted and
proved. In the meanwhile, we propose fuzzy g-Taylor’s method for the approximation of the fuzzy functions or the
fuzzy g-functions investigated in different scenarios according to the type of differentiability. Finally, fuzzy ¢-Taylor’s
expansion of four examples of fuzzy functions is obtained.
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