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     Abstract— In this paper, the modal analysis is used to study the 

behavior of a rectangular waveguide loaded with a transversely 

thin conductive discontinuity. To this end, a function must be 

made according to the geometry of discontinuity. This function is 

utilized instead of applying boundary conditions on the plane 

where the discontinuity is. This equation includes all the necessary 

boundary conditions simultaneously. The scattering parameters 

of the structure are related to the coefficients of the Fourier series 

of the newly defined function. Then, the return loss and insertion 

loss of different structures are investigated while the geometrical 

parameters of discontinuity take different values. The behavior of 

structures can be explained by how dense the coefficients of the 

Fourier series are. The simulation results show that the error of 

this technique is less than 2%. This analysis can enable designers 

to understand how the geometrical parameters of discontinuity 

affect the scattering parameters for an H-plane inductive 

diaphragm. 

 
Index Terms— Inductive diaphragm, Mode matching method, 

Rectangular waveguide.  

 

I. INTRODUCTION 

AVEGUIDES are vital components in 

telecommunication systems, especially for high-power 

transferring. They also play an important role in designing 

different microwave devices such as filters, couplers, 

duplexers, and circulators [1]-[9]. The operation of these 

devices is dependent on the existence of different 

discontinuities, such as the existence of posts and diaphragm in 

the waveguide, bend, and step change discontinuity [7]-[10]. 

Reference [11] points out a practical technique to determine the 

permittivity and loss tangent of a lossy dielectric. This 

technique requires inserting a sample of the desired material 

inside the resonant cavity. Authors in [11] utilize a 

discontinuity to improve the output power of the resonant 

cavity. This is one of many that demonstrates the important role 

of discontinuity in a reasonable manner. 

Understanding the behavior of discontinuity in the 

waveguide is an important issue for microwave engineers. 

There are a lot of publications about the effect of discontinuity 

in the waveguide. In the following some of the related 

publications is provided. 

In [12], different thin and thick junctions and diaphragms 

are analyzed. The accuracy of the method used to determine the 

transverse electromagnetic fields is discussed in this reference. 

The behavior of arbitrarily-shape discontinuities in rectangular 

waveguide is presented in [13]. Authors in [14] propose a 
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dumbbell-shaped discontinuity loaded transversely on a 

waveguide. Also, a narrow-thickness band-pass filter is 

designed by cascading three of these discontinuities [14]. 

Discontinuities in the aforementioned cases are conductive. 

Authors in [15] apply a new technique to analyze inductive 

obstacles in arbitrary shapes, either metallic or dielectric. Their 

study is performed for discontinuities in rectangular 

waveguides. Discussions about the calculation of the scattering 

parameters for different posts, circular junctions, and corners in 

rectangular waveguides are presented in [16]. Reference [17] 

utilizes an integral equation to analyze the H-plane obstacles in 

a rectangular waveguide. Their analysis includes metallic 

obstacles or anything made of dielectric. This method is used 

by authors in [18] to study the behavior of inductive waveguide 

microwave components. They propose the Fast Multipole 

Method for large problems. Similarly, the integral equation in 

the spatial domain is used by [19] to analyze step discontinuity 

in waveguide in the presence of posts near discontinuity. 

A hybrid technique is applied for the dielectric resonator in 

[20]. A combination of Mode Matching and Multimode 

Contour Integral is employed by authors to show how the H-

plane dielectric post affects the behavior of the rectangular 

waveguide. In [21], authors use the Mode Matching method 

with the Fourier transform technique to analyze the different 

types of rectangular waveguide junctions. 

Authors in [22] use the Finite Element Method (FEM) to 

determine the properties of a waveguide loaded by dielectric 

posts. Their proposed algorithm is in the direction of reducing 

the model order. Therefore, they show that this analysis can 

reduce the run time and storage. Moreover, reference [23] 

analyzes the waveguide components such as septum polarizer 

and ortho-mode transducer by FEM. In [24], authors employed 

a hybrid FEM and Mode Matching techniques to analyze 

waveguide filters. 

An important section of these researches is the technique 

used to analyze the structure. Mode Matching method, Integral 

Equation, and FEM are used in above mentioned publications. 

Here are some other publications that determine the behavior 

of discontinuity by other numerical techniques. The Moment 

Method (MoM) is utilized by [10] to model currents that flow 

on different discontinuities. The discontinuities studied in [10] 

are some posts and diaphragms that are uniform in the direction 

parallel to the narrow side of a rectangular waveguide. Also, 

the authors determine the equivalent impedance for the 

discontinuity. Analysis of an inductively loaded waveguide is 

performed by utilizing the MoM-based Generalized Scattering 

Matrix (GSM) technique [25]. This analysis is developed so 
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that it includes the dominant-mode region and double-mode 

region. The simulation results of some filters are presented in 

this article, too. 

Analysis of mitered bends and capacitive posts in 

waveguide is performed using Boundary Integral-Resonant 

Mode Expansion (BI-RME) [26]. In [27], authors utilize the 

Boundary Condition Mode Matching (BCMM) method to 

obtain the behavior of both E-plane and H-plane bends in a 

rectangular waveguide. The Spectral-Element Method is the 

way that is utilized in [28] to extract the scattering parameters 

of E-plane stub and T-junction. 

References [29] and [30] are two of the recent publications 

that include the discussion about discontinuity in waveguide. 

The author in [29] applies a technique based on the Mode 

Matching method to find the effect of the existence of bends in 

waveguide (curved waveguides). The applied methods in [30] 

are FEM and Mode Matching methods. The authors analyze a 

structure with rotational symmetry with the help of these 

techniques. 

Since then, this manuscript has been devoted to the role of 

the geometrical properties on the reflection and transmission 

coefficients for a rectangular waveguide loaded with a 

transversely metallic diaphragm. A discussion about a 

proposed numerical method is given in the next section. This 

method is based on the Mode Matching technique, and the 

boundary conditions are applied through an equation. The 

geometrical parameters of the discontinuity reflect on the 

functions available in this equation. The simulation results are 

presented in Section III. The discussion is focused on how 

geometrical parameters of an inductive diaphragm can change 

the behavior of the structure. This section is followed by 

conclusions, which is the final section. 

II. ANALYSIS OF THE STRUCTURE BY MODAL ANALYSIS 

As mentioned before, different methods like FEM, MoM, 

Mode Matching method are utilized for analyzing the behavior 

of discontinuity in the waveguide. In this paper, the Mode 

Matching method is used to study the behavior of transverse 

discontinuity in the waveguide. 

As shown in Fig. 1, discontinuity in a rectangular 

waveguide divides the inner waveguide space into two 

mediums, Medium I and Medium II. The intersection of these 

mediums is a plane where two mediums have a common 

boundary. The discontinuity is on this plane. Since then, this 

common boundary is referred to as the discontinuity plane. The 

discontinuity is assumed to be a conductive diaphragm loaded 

transversely on the waveguide. 
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 Fig. 1. (a) Transverse discontinuity in a rectangular waveguide, (b) front 

view. a and b are width and height of waveguide, respectively. w is the width 

of the diaphragm (discontinuity). 

 

When an incident wave impinges on the discontinuity plane, 

some of the incident power is reflected from the discontinuity 

plane and accordingly forms the reflected wave. The remaining 

power passes through medium II (transmitted wave). 

According to Fig. 2, the reflected wave moves to the source, 

and the transmitted wave is propagated into the load. 
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Fig. 2. Incident, reflected, and transmitted waves in the waveguide (side view) 

 

In modal analysis, each electromagnetic field can be 

expanded in terms of different modes. Every mode is a 

nontrivial solution of the homogeneous Helmholtz equation. 

According to Fig. 2 and assuming that the structure is excited 

by the dominant mode (TE10), relation (1) shows the expansion 

of the electric field of reflected and transmitted waves in terms 

of different modes [5], [7]. 
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  (1) 

 

The superscripts i, r, and t represent the incident, reflected, 

and transmitted waves, respectively. φmn(x,y) is the mode mn, 

and it is noted that each mode indicates the transverse variation 

of electromagnetic fields. The indices m and n determine the 

order of each mode. In (1), the phase constant for mode mn is 

shown by βmn. 

The coefficient of each mode (amn or bmn) will be obtained 

by applying the boundary conditions on both sides of the 

discontinuity plane. These boundary conditions are as follows: 

the transverse electric fields are equal to zero on the metal 

region of the discontinuity plane, and the transverse 

components of electric and magnetic fields have to be 

continuous on other sections. It means that [7]; 

 

𝐸𝑡
𝐼 = {

0          𝑜𝑛 𝑅
𝐸𝑡

𝐼𝐼     𝑜𝑛 𝑅𝑐          𝐻𝑡
𝐼 = {

|𝑱⃗−|          𝑜𝑛 𝑅

𝐻𝑡
𝐼𝐼         𝑜𝑛 𝑅𝑐

  (2) 

 

Where R is a conductive region of discontinuity plane, and 

Rc is the complementary part of R on the discontinuity plane. 

According to Fig. 1, R refers to discontinuity, and Rc is the 

window between two mediums. The 𝐽− refers to the density of 

surface current flows on the discontinuity plane in medium I. 

Subscript t is used to show tangential component of 𝐸⃗⃗ and 𝐻⃗⃗⃗. 

References [31] and [32] propose a new equation instead of 

applying the above boundary conditions for metal grid 

structures. This work is followed by [33] to determine the 

behavior of a metasurface. Later, Reference [34] extends this 

work to analyze any inductive diaphragm in rectangular 

waveguide [31]-[32], [34]. 

 

𝑓(𝑥, 𝑦)𝐸𝑡
𝐼 + 𝑔(𝑥, 𝑦)(𝐻𝑡

𝐼 − 𝐻𝑡
𝐼𝐼) = 0  (3) 
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𝑓(𝑥, 𝑦) {
≠ 0          𝑜𝑛 𝑅
= 0         𝑜𝑛 𝑅𝑐       &       𝑔(𝑥, 𝑦) {

= 0          𝑜𝑛 𝑅
≠ 0        𝑜𝑛 𝑅𝑐   

 

Equation (3) will be considered as the cornerstone of the 

following calculation. In reality, functions f(x,y) and g(x,y) are 

made to simplify applying boundary conditions on the 

discontinuity plane. It can be said that these functions represent 

the boundary conditions. Therefore, they are Boundary-

Conditions Equivalent (BCE) or Boundary-Conditions 

Alternative (BCA) functions. 

It should be noted that the zero tangential electric field is 

required at the discontinuity plane when using Equation (3). 

Also, zero thickness is assumed for discontinuity. Waveguides 

are known to be made from metal, and this also applies to the 

discontinuity mentioned in this paper. According to [33], the 

thickness of metallic discontinuity should be larger than 5 skin 

depths. On the other hand, the thickness should be less than the 

wavelength, so the variation of fields is negligible on both sides 

of the discontinuity plane (Rc). 

For frequencies in which the dominant mode is the only 

mode propagated in the waveguide, all higher-order modes are 

evanescent and should vanish when they move away from the 

discontinuity. Therefore, the amplitude of the dominant mode 

determines the behavior of the structure. Since many of these 

modes are non-propagating modes, the excitation of these 

modes causes energy concentration in the waveguide [7]. 

As shown in Fig. 1, if the discontinuity is uniform in the y-

direction, only TEm0 modes are excited in the waveguide [7]. It 

means that no TEmn (n ≠ 0) modes are excited, and the 

electromagnetic fields are dependent only on variable x. 

Therefore, the electromagnetic fields of incident, reflected, and 

transmitted waves can be written as (4) and (5) [7]. 

 

𝐸𝑦
𝑖 =𝑠𝑖𝑛(

𝜋

𝑎
𝑥)𝑒−𝑗𝛽10
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𝑟=∑ 𝑎𝑚𝑠𝑖𝑛 (𝑚

𝜋

𝑎
𝑥)𝑒𝑗𝛽𝑚0
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 𝐸𝑦
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𝜋

𝑎
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          (4) 
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𝑎
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 𝐻𝑥
𝑡=∑

−𝑏𝑚

𝑍𝑚0
𝐼𝐼 sin (𝑚

𝜋

𝑎
𝑥)𝑒−𝑗𝛽𝑚0

𝐼𝐼 𝑧 ∞
𝑚=1 

          (5) 

 

Where the superscripts i, r, and t represent the incident, 

reflected, and transmitted waves, respectively. As seen in the 

above equations, the transverse variation of electromagnetic 

fields is represented by sin(mπx/a) for TEm0 modes. Zm0 and βm0 

are the characteristic impedance and phase constant for mode 

m0, respectively. Also, the superscripts I and II refer to medium 

I and medium II, respectively. Equation (6) shows how Zm0 and 

βm0 are calculated [7]. 

 

𝛽𝑚0 = √𝜔2𝜇𝜀 − (𝑚
𝜋

𝑎
)

2

       ,          𝑍𝑚0 =
𝜔𝜇

𝛽𝑚0
          (6) 

 

In (6), ω is angular frequency, and a is the width of the 

waveguide (Fig. 1). The parameters ε and μ are permittivity and 

permeability of medium, respectively. 

Since the electromagnetic fields ((4) and (5)) are x-

dependent and the structure is uniform in the y-direction, (3) 

simplifies to (7) [31]-[32], [34]. 

 

𝑓(𝑥)𝐸𝑡
𝐼 + 𝑔(𝑥)(𝐻𝑡

𝐼 − 𝐻𝑡
𝐼𝐼) = 0                                       (7) 

 

 

By substituting (4) and (5) in (7), (8) is derived (Appendix 

A). 

 

𝑓(𝑥) {∑ {𝑎𝑚 + 𝛿𝑚1}𝑠𝑖𝑛 (
𝑚𝜋

𝑎
𝑥)∞ 

𝑚=1 } +

𝑔(𝑥) {∑ 2
𝑎𝑚

𝑍𝑚0
𝑠𝑖𝑛 (

𝑚𝜋

𝑎
𝑥)∞ 

𝑚=1 } = 0                                       (8) 

 

Where δm1 is Kronecker delta. To obtain (8), it is assumed 

that the two mediums, medium I and medium II, are the same. 

It must be noted that the BCA functions are not dependent on y 

due to the uniformity of discontinuity in the y-direction. Hence, 

functions f(x,y) and g(x,y) appear as f(x) and g(x) in (8), 

respectively. Equation (8) is utilized to simulate different 

inductive diaphragms in the next section. Functions f(x) and 

g(x) are created according to (3). The geometry of the 

discontinuity prominently affects the definition of BCA 

functions. In the next step, it is possible to determine fks and 

gks, the coefficients of the Fourier series of functions f(x) and 

g(x) (Appendix A). Having fks and gks, the coefficient of each 

mode is obtained by (8) (Fig. 3). The scattering parameters for 

the structure can be achieved by these coefficients. In the 

following section, the main goal is to investigate the effects of 

the width and position of discontinuity on the behavior of a 

structure. 

Step 1: Make BCA functions,  f (x) and g (x), based 

on geometry of discontinuity

→ Step 2: Determine f ks and gks, the coefficients 

of Fourier series for f (x) and g (x)

     → Step 3: Obtain scattering parameters

 
Fig. 3. The successive steps for obtaining the scattering parameters of a 

metallic discontinuity loaded transversely in the waveguide. 

III. SIMULATION RESULTS  

In this section, the simulation results for different 

discontinuities are presented. As given in Fig. 1, it is assumed 

that the discontinuity is a metallic septum loaded transversely 

on a rectangular waveguide. The simulated rectangular 

waveguide is WR90, while its width and height are 22.86 mm 

and 10.16 mm, respectively. The cutoff frequency for this 

waveguide is 6.56 GHz. For each simulation, 150 modes are 

considered. 

The first discontinuity to be simulated is a 5 mm-width 

diaphragm. There is no gap between the diaphragm and the 

waveguide wall (Fig. 4). Simulation results for this structure 

are illustrated for two sets of BCA functions, namely fi(x) and 

gi(x) (9). 

 

𝑓1(𝑥)={1            0<𝑥<𝑤
 0           𝑤<𝑥<𝑎

          ,            𝑔1(𝑥)={0            0<𝑥<𝑤
1           𝑤<𝑥<𝑎

𝑓2(𝑥)={sin(𝜋
𝑥

𝑤
)    0<𝑥<𝑤

   0               𝑤<𝑥<𝑎
          ,            𝑔2(𝑥)={

    0                    0<𝑥<𝑤

sin(𝜋
𝑥−𝑤

𝑎−𝑤
)      𝑤<𝑥<𝑎

  (9) 

 

Where a and w are 22.86 mm and 5 mm, respectively. 
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Fig. 4. The frequency variation of the scattering parameters for a diaphragm 

connected to waveguide wall. Solid blue: |s11| simulated when BCA functions 

are f1(x) and g1(x), red dashed line: |s11| simulated when BCA functions are f2(x) 

and g2(x), orange circles: |s11| simulated by FEM, Solid brown: |s21| simulated 

when BCA functions are f1(x) and g1(x), green dashed line: |s21| simulated when 

BCA functions are f2(x) and g2(x), and pink circles: |s21| simulated by FEM. 

 

To verify the results obtained by modal analysis, the 

structure is simulated by FEM, and the simulation results are 

added to Fig. 4. As shown in Fig. 4, the simulation results are 

in compliance to each other. The variation of the total electric 

field on the transverse plane is shown in Fig. 5. 

 

Fig. 5. The variation of total electric field (𝐸⃗⃗𝑦
𝑖 + 𝐸⃗⃗𝑦

𝑟) on the transverse plane. 

The maximum value of the transverse electric field is considered to be 1. It 

must be noted that there is no longitudinal component of the electric field for 

the TEmn modes. Therefore, the total electric field is the transverse component 

of the electric field. 

From this point on, BCA functions f1(x) and g1(x) are used 

to analyze the structures. 

In Fig. 6, the variations of |s11| are shown so that the 

diaphragm moves from the waveguide wall to the center of the 

transverse plane. For all the values of g, the width of the 

diaphragm (w) is fixed to 5.45 mm. The readers must be aware 

of g and g(x). g is the parameter that indicates the gap between 

the diaphragm and waveguide wall (Fig. 6), and g(x) is the 

function that is needed for constructing (8). 

 
Fig. 6. The frequency variation of |s11| for different values of gap (g), which is 

the distance between waveguide wall and discontinuity. The parameter g is 

increased from 0 to 8.705 mm (= a/2-w/2). w is equal to 5.45 mm for all values 

of g. 

As shown in Fig. 6, all curves for |s11| are strictly descending 

but with different rates. The more the diaphragm is close to the 

waveguide wall, the more rapidly |s11| tends to decrease. Unlike 

the |s11|, each curve for |s21| follows a strictly ascending regime 

(Fig. 7). Equation (10) complies with this behavior. Since the 

structure is lossless and passive, incident power is divided 

between reflected and transmitted powers [7]. 

|𝑠11|2+|𝑠21|2=1→ 2|𝑠11|
𝑑|𝑠11|

𝑑𝑓
+2|𝑠21|

𝑑|𝑠21|

𝑑𝑓
=0

→
𝑑|𝑠21|

𝑑𝑓
=−

𝑑|𝑠11|

𝑑𝑓

|𝑠11|

|𝑠21|

 (10) 

 

 
Fig. 7. The frequency variation of |s21| for different values of the gap (g). w is 

constant (w = 5.45 mm) in all cases. 

 

Fig. 8 demonstrates the coefficients of the Fourier series for 

BCA function f(x). 

 

 
Fig. 8. The first 10 coefficients of the Fourier series for f(x), (fk , k = 1, 2, …, 

10), versus increasing the gap (g). 

 

The quantitative values are also given in Table. I for keen 

readers who want to have access to exact component values. 

 
TABLE I 

The First 10 Coefficients of the Fourier Series for f(x), (fk , 

k = 1, 2, …, 10), Versus Increasing the Gap (g) Between the 

Diaphragm and Waveguide Wall (w = 5.45 mm for all cases). 

g(mm) 0 2.41 3.93 8.705 

1f 1 1 1 1 

2f 0.9074 0.7547 0.6038 0.0185 

3f 0.6667 0.1698 0.2264 0. 9074 

4f 0.3519 0.3962 0. 7547 0.0370 

5f 0.0556 0.6415 0.6038 0. 6667 

6f 0.1481 0.5094 0.0775 0.0370 

7f 0.2222 0.2075 0.2642 0.3519 

8f 0.1667 0.0189 0.2264 0.0185 

9f 0.0556 0.0556 0.0377 0.0566 

10f 0.0556 0.0377 0.0189 0.0000 

 

 w 

a 

b 

g 

w 
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Considering Fig. 6 and Table I. Simultaneously, the first 

coefficient of f(x), f1, is the same for all values of g due to the 

constant width of the diaphragm. When the diaphragm is 

further away from the waveguide wall, the second biggest 

coefficient of the Fourier series of f(x) dislocates to the position 

of higher order components. Simultaneously, |s11| tends to 

decrease at a slower pace. Investigation of higher coefficients 

of BCA function f(x) reveals that the modes with greater 

magnitudes are concentrated to the first mode (f1) when g 

approaches zero. It is clear that increasing the gap, from a/2-

w/2 to a-w, leads to the repetition of the above results in the 

reverse manner. 

In Fig. 9, the variation of |s11| is shown while the diaphragm 

width increases. The parameter w starts from 3.57 mm and 

reaches 14.29 mm when there is no gap between discontinuity 

and waveguide wall (g = 0 mm). 

 

 
Fig. 9. The frequency variation of |s11| for different values of width (w), (g = 0 

mm). 

 

The narrower the diaphragm, the magnitude of s11 (|s11|) 

tends to decrease more rapidly to the final value. On the 

contrary, the variation of parameter |s21| is in an ascending 

manner (Fig. 10). Growth of the parameter |s21| to the final 

value occurs in a narrower bandwidth as w becomes smaller. 

 

 
Fig. 10. The frequency variation of |s21| for different values of the width of the 

diaphragm (w), (g = 0 mm). 

 

It is known that the designers model this discontinuity as a 

parallel reactance (jX) in the middle of a transmission line [4]-

[8]. Table II contains the equivalent reactance for the 

diaphragm at 7 GHz. It connects to the waveguide wall, and its 

width is available in the table (Fig. 9).  

 

TABLE II 

The Equivalent Reactance (Ω) for H-plane Asymmetric 

Diaphragm at 7 GHz (g = 0 mm for all cases). 

w(mm) 3.57 7.14 10.71 14.29 

Ref. [6] 1656.7 346.4 98.2 23.1 

Proposed technique 1685 347 98.7 23 

Error (%) 1.71 0.17 0.51 0.43 

The 2nd row is filled by the relation available in [6]. The 

values in the 3rd row are obtained by the scattering parameters 

shown in Fig. 9. It is clear that the 3rd row follows the 2nd row 

very well. The table's last row demonstrates that the error is less 

than 2% for the proposed technique. This means that the 

proposed technique has acceptable accuracy. 

The first 10 coefficients of the Fourier series for BCA 

function f(x) are shown in Fig. 11. Also, the quantitative values 

are given in Table. III. Note that all coefficients are normalized 

to the f1, the first component of f(x) for each value of g. 

According to (3), f(x) must be non-zero on R. Therefore, we 

consider factor p for each case so that the f1 is equal to 1. 

 

 
Fig. 11. The first 10 coefficients of the Fourier series for f(x), (fk , k = 1, 2, …, 

10), versus increasing the width of the diaphragm (w) (g= 0 mm for all cases). 

 
TABLE III 

The First 10 Coefficients of the Fourier Series for f(x) 

Versus the Width (w) of the Diaphragm (g = 0 mm). 

w(mm) 3.57 7.14 10.71 14.29 

f1 1 1 1 1 

f2 0.9714 0.8451 0.6729 0.4685 

f3 0.8571 0.4789 0.0654 0.1818 

f4 0.6857 0.0704 0.2150 0.0629 

f5 0.4857 0.1831 0.0654 0.1259 

f6 0.2571 0.1972 0.1215 0.0420 

f7 0.0857 0.0704 0.0654 0.0559 

f8 0.0857 0.0845 0.0748 0.0699 

f9 0.1714 0.1268 0.0561 0.0000 

f10 0.2286 0.0704 0.0467 0.0490 

 

Fig. 9 and Table. III show that as w increases, the magnitude 

of s11 (|s11|) decreases more slowly. The biggest coefficient of 

the Fourier series happens for k = 1 for each case. The second 

biggest coefficient moves away from the first one when w 

increases. Same as the previous case, integration of the 

coefficients with higher magnitude around f1 leads to a faster 

rate for the variation of scattering parameters in frequency 

domain. 

 

g 

w 
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The above examples show how the equation (3) and BCA 

functions are used to determine the scattering parameters of H-

plane discontinuities. This equation can be used to predict the 

behavior of E-plane discontinuities. It requires considering all 

TEmn and TMmn modes excited in the rectangular waveguide. 

We certainly encounter more processes, two-dimensional 

diagrams for components of BCA functions, and so on. 

Reference [33] shows how this equation applies to a TEM 

waveguide where all TEM, TE, and TM modes are excited 

around an element of a metasurface. 

IV. CONCLUSION  

In this paper, the dependency of reflection and transmission 

coefficients on geometrical parameters for the inductive 

diaphragm is discussed. The simulation of the structure is 

performed by modal analysis. In this way, boundary conditions 

on both sides of discontinuity are applied by an equation. Two 

BCA functions must be defined to make this equation. 

Considering the components of the Fourier series of the BCA 

function indicates that the concentration of bigger components 

around the first-order component is an effective factor in 

determining the behavior of the structure. The error of this 

technique is considered by simulation. It is less than 2%. This 

analysis hints at the relation between the geometrical 

parameters of structure and its reflection and transmission 

coefficients. Also, it can lead to a better understanding of the 

behavior of the structure. This method can be a part of an 

optimization algorithm to find the final solution faster. 

V. APPENDIX A 

Appendix A clarifies how to derive (8). According to (2), the 

tangential component of electric fields in medium I is zero on 

R, and it is equal to the tangential component of electric fields 

in medium II on Rc. Simultaneously, this condition is valid for 

the tangential component of electric fields in medium II. 

𝐸𝑡
𝐼𝐼 = {

0          𝑜𝑛 𝑅
𝐸𝑡

𝐼      𝑜𝑛 𝑅𝑐  (A.1) 

 

It means that the tangential components of the electric field 

are continuous on the discontinuity plane. 

 𝐸𝑡
𝐼 = 𝐸𝑡

𝐼𝐼      →     sin (
𝜋

𝑎
𝑥) + ∑ 𝑎𝑚sin (

𝑚𝜋

𝑎
𝑥)∞ 

𝑚=1 =

∑ 𝑏𝑚sin (
𝑚𝜋

𝑎
𝑥)∞ 

𝑚=1      →       𝑏𝑚 =  𝑎𝑚 + 𝛿𝑚1 (A.2) 

 

Other Boundary conditions are applied using (8); 

𝑓(𝑥)𝐸𝑡
𝐼 + 𝑔(𝑥)(𝐻𝑡

𝐼 − 𝐻𝑡
𝐼𝐼) = 0 (A.3) 

 

Now, using (4) and (5), 

 𝑓(𝑥) {∑ {𝑎𝑚 + 𝛿𝑚1}sin (
𝑚𝜋

𝑎
𝑥)∞ 

𝑚=1 } + 𝑔(𝑥) {∑ [(
1

𝑍𝑚0
𝐼 +∞ 

𝑚=1 

1

𝑍𝑚0
𝐼𝐼 ) 𝑎𝑚 + (

1

𝑍𝑚0
𝐼𝐼 −

1

𝑍𝑚0
𝐼 ) 𝛿𝑚1] sin (

𝑚𝜋

𝑎
𝑥)} = 0 (A.4) 

 

Rearranging the above relation; 

 {∑ 𝑎𝑚𝑓(𝑥)𝑠𝑖𝑛 (
𝑚𝜋

𝑎
𝑥)∞ 

𝑚=1 } + {∑ [(
1

𝑍𝑚0
𝐼 +∞ 

𝑚=1 

1

𝑍𝑚0
𝐼𝐼 ) 𝑎𝑚𝑔(𝑥)] 𝑠𝑖𝑛 (

𝑚𝜋

𝑎
𝑥)} = −𝑓(𝑥)𝑠𝑖 𝑛 (

𝜋

𝑎
𝑥) + [(

1

𝑍10
𝐼 −

1

𝑍10
𝐼𝐼 ) 𝑔(𝑥)] 𝑠𝑖𝑛 (

𝜋

𝑎
𝑥) (A.5) 

 

Multiplying two sides of the above relation in the function 

sin(kπx/a), and taking integral on [0,a]; 

 {∑ 𝑎𝑚 [∫ 𝑓(𝑥)𝑠𝑖𝑛 (
𝑚𝜋

𝑎
𝑥)𝑠𝑖𝑛 (

𝑘𝜋

𝑎
𝑥)𝑑𝑥

𝑎

0
]∞ 

𝑚=1 } + {∑ (
1

𝑍𝑚0
𝐼 +∞ 

𝑚=1 

1

𝑍𝑚0
𝐼𝐼 ) 𝑎𝑚 [∫ 𝑔(𝑥)𝑠𝑖𝑛 (

𝑚𝜋

𝑎
𝑥)𝑠𝑖𝑛 (

𝑘𝜋

𝑎
𝑥)𝑑𝑥

𝑎

0
]} =

−∫ 𝑓(𝑥)𝑠𝑖𝑛 (
𝜋

𝑎
𝑥)𝑠𝑖𝑛 (

𝑘𝜋

𝑎
𝑥)𝑑𝑥

𝑎

0
+ (

1

𝑍10
𝐼 −

1

𝑍10
𝐼𝐼 ) [∫ 𝑔(𝑥)𝑠𝑖𝑛 (

𝜋

𝑎
𝑥)𝑠𝑖𝑛 (

𝑘𝜋

𝑎
𝑥)𝑑𝑥

𝑎

0
] (A.6) 

 

By considering that sin(mπx/a)sin(kπx/a) = 0.5{cos[(k-

m)πx/a]- cos[(k+m)πx/a]}; 

 {∑ 𝑎𝑚 [∫ 𝑓(𝑥) 𝑐𝑜𝑠 [(𝑘 − 𝑚)
𝜋

𝑎
𝑥]𝑑𝑥

𝑎

0
− ∫ 𝑓(𝑥) 𝑐𝑜𝑠 [(𝑘 +

𝑎

0
∞ 
𝑚=1 

𝑚)
𝜋

𝑎
𝑥] 𝑑𝑥]} + {∑ (

1

𝑍𝑚0
𝐼 +

1

𝑍𝑚0
𝐼𝐼 )𝑎𝑚 [∫ 𝑔(𝑥) 𝑐𝑜𝑠 [(𝑘 − 𝑚)

𝜋

𝑎
𝑥] 𝑑𝑥

𝑎

0
−∞ 

𝑚=1 

∫ 𝑔(𝑥) 𝑐𝑜𝑠 [(𝑘 + 𝑚)
𝜋

𝑎
𝑥] 𝑑𝑥

𝑎

0
]} = [∫ 𝑓(𝑥) 𝑐𝑜𝑠 [(1 + 𝑘)

𝜋

𝑎
𝑥] 𝑑𝑥

𝑎

0
−

∫ 𝑓(𝑥) 𝑐𝑜𝑠 [(1 − 𝑘)
𝜋

𝑎
𝑥] 𝑑𝑥

𝑎

0
] + (

1

𝑍10
𝐼𝐼 −

1

𝑍10
𝐼 ) [∫ 𝑔(𝑥) 𝑐𝑜𝑠 [(1 + 𝑘)

𝜋

𝑎
𝑥] 𝑑𝑥

𝑎

0
] +

(
1

𝑍10
𝐼 −

1

𝑍10
𝐼𝐼 ) [∫ 𝑔(𝑥) 𝑐𝑜𝑠 [(1 − 𝑘)

𝜋

𝑎
𝑥] 𝑑𝑥

𝑎

0
](A.7) 

 

Rearranging this relation; 

 ∑ 𝑎𝑚𝑓𝑚−𝑘
∞ 
𝑚=1 − ∑ 𝑎𝑚𝑓𝑚+𝑘

∞ 
𝑚=1 + ∑ (

1

𝑍𝑚0
𝐼𝐼 +

1

𝑍𝑚0
𝐼 ) 𝑎𝑚𝑔𝑚−𝑘

∞ 
𝑚=1 −

∑ (
1

𝑍𝑚0
𝐼𝐼 +

1

𝑍𝑚0
𝐼 )𝑎𝑚𝑔𝑚+𝑘

∞ 
𝑚=1 = 𝑓1+𝑘 − 𝑓1−𝑘 + (

1

𝑍10
𝐼𝐼 −

1

𝑍10
𝐼 )𝑔1+𝑘 +

(
1

𝑍10
𝐼 −

1

𝑍10
𝐼𝐼 )𝑔1−𝑘 (A.8) 

 

By truncating each sum at N and taking k from 0 to N, a 

system is obtained; 

(𝐴 − 𝐵 + 𝐶𝑍 − 𝐷𝑍)

[
 
 
 
 
𝑎1

𝑎1

𝑎1

⋮
𝑎𝑁]

 
 
 
 

= 𝐸 − 𝐹 + (
1

𝑍10
𝐼𝐼 −

1

𝑍10
𝐼 )𝐺 + (

1

𝑍10
𝐼 −

1

𝑍10
𝐼𝐼 )𝐻 (A.9) 

 

Where A, B, C, and D are matrices with size NN. 

 𝐴 = [

𝑓0     𝑓1    𝑓2    …
𝑓−1   𝑓0   𝑓1    …
𝑓−2   𝑓−1   𝑓0    …

⋮

]    ,   𝐵 = [

𝑓2     𝑓3    𝑓4    …
𝑓3   𝑓4   𝑓5    …
𝑓4   𝑓5   𝑓6    …

⋮

]    ,     𝐶 =

[

𝑔0     𝑔1    𝑔2    …
𝑔−1   𝑔0   𝑔1    …
𝑔−2   𝑔−1   𝑔0    …

⋮

]    ,   𝐷 = [

𝑔2     𝑔3    𝑔4    …
𝑔3   𝑔4   𝑔5    …
𝑔4   𝑔5   𝑔6    …

⋮

] (A.10) 

 

Matrix Z is a diagonal matrix with size NN. The elements 

of this matrix are frequency-dependent. Also, they are 

dependent on characteristic parameters of the medium (ε and 

μ). 

𝑍 =

[
 
 
 
 
 (

1

𝑍10
𝐼𝐼 +

1

𝑍10
𝐼 )           0         0   …

0        (
1

𝑍20
𝐼𝐼 +

1

𝑍20
𝐼 )         0   …

0        0        (
1

𝑍30
𝐼𝐼 +

1

𝑍30
𝐼 )   …

⋮ ]
 
 
 
 
 

 (A.11) 

 

And E, F, G, and H are matrices with size N1. 

𝐸 = [

𝑓2
𝑓3
𝑓4
⋮

]     ,    𝐹 = [

𝑓0
𝑓−1

𝑓−2

⋮

]     ,    𝐺 = [

𝑔2

𝑔3

𝑔4

⋮

]     ,    𝐻 = [

𝑔0

𝑔−1

𝑔−2

⋮

] (A.12) 
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