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Abstract

Let A be a unital complex *-algebra having a nontrivial projection. In this paper, we proved that every *-derivation-
type map ® : A —» A on sum of triple products ayabe + asa”cb” + asba™c + aycab® + asbca + ageb®a”, where the
scalars {ak}2=1 are rational numbers satisfying some conditions, is an additive *-derivation. Some applications of the
results obtained are also presented.
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1 Introduction

Throughout this paper, A will denote a complex *-algebra. Given elements a,b € A and a rational number 7, we
call the product a®,b = ab+ nba™ of Jordan n-%-product. In particular, the product a®_,b = ab—ba”, usually denoted
by [a,b]s, is called of skew Lie product and a#,b = ab + ba", usually denoted by a e b, is called of Jordan *-product.

A map ® : A — Ais called *-derivation-type on mived product a®,b®,c, where a®,b®,c = (a‘nb)ﬂ,c and n,v
are rational numbers, if

P(a®,b®,c) = P(a)®,b®,c+a®,D(b)#,c+as, b, D(c),

for all a,b,c € A.

In recent years, some research activities have been addressed to study *-derivation-type on mixed product a4, b4 ,c
(for example, see the works [2], [6], [7] and [§]). In this sense, Darvish et al. [2] studied the structure of the nonlinear
*-derivation-type on mixed product a®,;b4;c on prime *-algebras whose result was refined by Li et al. [§]. Also, Li
and Zhang [0] studied the structure of the nonlinear *-derivation-type on mixed product a#,;b4_;c, on *-algebras
satisfying some mild conditions and Li et al. [7] studied the structure of the nonlinear *-derivation-type on mixed
product a4 _;b®_;c, between factors. Based on these presented cases, it is natural to inquire if similar or different
characterizations can be obtained: for other rational values of  and v or under more general hypotheses on the algebra
or the map than those which have been taken into account previously (for example, this last question was addressed
in [3]). The discussion of these questions, in this paper, will be carried out from the study of a more general map.
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A map & : A = A is called *-derivation-type on sum of triple products
ajabe + apa”cb” + asba”c + aycab” + asbea + ageba”,
where {ak}2=1 are arbitrary rational numbers, if
®(ayabe + asa’cb” + azba”c + aycab” + asbea + aﬁcb*a*)
=a;P(a)be + aa®(a) cb™ + asb®(a)*c + asc®(a)b” + asbe®(a) + ageb* ®(a)” + aa®(b)c + asa” c®(b)*
+ a3 ®(b)a”c + ayca®(b)” + az®(b)ca + age®(b) a” + agab®(c) + asa” ®(c)b* + azba” B(c)
+ay®(c)ab” + asb®(c)a + ag®(c)b a”, (1.1)

for all a,b,c € A. This kind of map is related to *-derivation-type on mixed product a#,b®,c. In fact, it is easy

to verify that all *-derivation-type on mixed product a#,b®,c is a *-derivation-type on sum of triple products
ajabe + asa”eh”™ + azba’c + aycab” + asbea + ageba®. More precisely, each *-derivation-type on mixed product
a®,b®,c is a *-derivation-type on sum of triple products labc + 0a™ch”* + nba*c + vncab™ + Obca + veb*a®. The
advantage of this approach is that the obtained results can be used to determine characterizations of particular types
of maps and can also lead to new view points for other possible characterizations. Thus, the main purpose of this
work will be to characterize such *-derivation-type map. On account of these considerations and inspired by the work
of Ferreira and Marietto [3], the purpose of this paper is to study the structure of nonlinear *-derivation-type maps
on sum of triple products ajabc + asa”cb® + azba™c + agcab™ + agbea + ageb™a”, where {ak}iﬂ are rational numbers
satisfying certain conditions, from unital *-algebras having a nontrivial projection. As an application of our main
result, we will discuss the structure of *-derivation-type on mixed product a4,04,c, by considering other rational
values of 1 and v, beyond of the ones mentioned in [2], [6], [7] and [§].

2 The main results and their proofs

Our main result in this paper reads as follows:

Theorem 2.1. Let {ak.}2=1 be rational numbers satisfying the three following conditions oy +ag+ay # 0, as+ay+ag #
0 and (o + g+ a5)2 (g +ay+ a6)2 # 0, A a unital *-algebra with 1 4 its multiplicative identity having a nontrivial
projection p; (write ps = 14 — py1) such that the following two properties

xAp; = 0 implies z =0 (I = 1,2) (o)

are verified and ® : A = A a *-derivation-type on sum of triple products aqabc+ asa”cb™ +asba” ¢+ aycab™ + asbea +
ageb™a”. Then ® is additive. In addition, if a; — ag + a5 — o # 0, then @ is an additive *-derivation.

The following well known result will be used throughout this paper: Let p; be a nontrivial projection of A and
write p; =14 —p;. Then A has a Peirce decomposition A = Ay & A;5 & Ay ® Ay, relative to py, where A;; = p; Ap;
(i, = 1,2), satisfying the following multiplicative relations: Aij A € A, where 0y, is the Kronecker delta
function. More details about the Peirce decomposition and its properties, can be found in references [4] and [9].

We organize the proof of Theorem in a series of claims. We begin with a claim, whose proof is easy and is
omitted.

Claim 1. ®(0) = 0.
Claim 2. & is additive.
We organize the proof of Claim [2]in a series of steps.

Step 1. For all a;; € Aiia Qi € A”, Qi € Aj,“ Qjj € AJJ (Z * ],Z,j = 1,2) and r,s € .A, write t = ¢(Zi,j=1,2 a”) -
i j=1.2 ®(as;). The following two assertions are true: (i) if

¢>(a1T(Zi,j=1,2 aij)s + a2T*S(Zi,j=1,2 ;)" + a3(Zi,j=1,2 a;)r's

+ousr(Y; jo10 ai;)* + as( Y, o1, @ij)sT + aps(X; jo1 2 a;)*r")

* * * * * *
= Zi7j=172 @(alraijs + QT 8a;; + a3a;;m S+ QySTa; + asa;ST + 0eSaT ), (2.1)
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then
QiTts + aor” stT + agtr’s + aysrt” + astsr + agst =0 (2.2)
and (ii) if
‘I’(alrs(zz',jﬂ,z aij) + 0427'*(21,]&1,2 a’ij)S* + a357’*(zz‘,j=1,2 a'ij)
+ a4(Zi,j=1,2 ag;)rs’ + ass(Zij—l 2 i )T+ ag(Y; j—l 2ai;)s ")
= Z (ayrsa;; + aor” aus + azsr a;j + 40, st + assa;;r + 0gag; s ), (2.3)
i,j=1,2
then
airst + aor ts” + azsr't + autrs” + asstr + agts v = 0. (2.4)

Proof . By identity (1.1) we have

alq)(r)(Zi,jﬂ,Q ai;)s + 042@(7“)*5(Z¢,j=1,2 a;)" + 0‘3(Z¢,j=1,2 a;;)®(r)"s
+ 0648‘5(7“)(Zi,j=1,2 aij)* + 015(2@‘,]‘:1,2 aij)s®(r) + 0463(Zi,j=1,2 aij)*q)(r)*
+ alr¢(2i,j=1,2 aij)s + azr*S‘I’(Zm&Lz aij)* + 043¢’(Zi,j=1,2 aij)r*s
+ 0457"‘I>(Zi,j=1,2 aij)* + 045‘1)(21'4&1,2 aj)sr + 0463<I)(Zi,j=1,2 aij)*r*
+ Oélr(zi,j:l,z ai;)®(s) + Q2T*¢(5)(Zi,j=1,2 a;)* + Oés(zz',j 120 ai;)r ®(s)
+ g ®(s)r(Y jo10ais)" + as(X; jo1 0 aig)@(s)r + ag®(s) (X, jo1 0 aif) 7"
=(I)(a1T(Zi,j=l,2 aij)s + azT*S(Zi,j=1,2 a;)" + a3(Zi,j=1,2 a;)r’s
+ 04487"(22‘7]&172 aij)* + as(Zm:Lz aj)sr + O‘GS(Zij 1,2 aij)*r*)
=Y ;=12 ®lagra;js + aor”sajj + aza;r’ s + aysrag; + asa;sr + agsagr’)
=Y j=12(1®(r)a;;s + ar®(r)*saj; + aza;; ®(r)"s + aus®(r)aj; + asa;;s®(r)
+agsa;; ®(r)" + ar®(a;;)s + agr s®(a;;)" + az®(ag,)r’s + agsr®(a;;)”
+ a5 ®(a;;)sr + aﬁsq)(aij)*r* +oqra;;®(s) + agr*fb(s)a;kj + a;;aijr*q)(s)
+ a4<I>(s)ra:j + asaijq)(s)r + a6<I>( )a 3T )
=0¢1‘1’(7“)(Zi,j=1,2 a;;)s + 042‘1)(7”)*5(Zi,,j=1,2 ag;)" + a3(Zm=1A2 a;)0(r)"s
+ 0443‘1’(7')(Zi,j=1,2 ;)" + a5(Zi,j=1,2 aij)s®(r) + 0‘63(2” 1,2 a;;) @(r)"
+arr(Y jo10 Paij))s + agr’s(X, ;o0 Play))" + as(¥, jo1 0 ®(ai;))r’s
+ 04437“(Zi,j=1,2 ®(az;))" + O‘5(Zi,j=1 o P(ay;))sr + 0463(Zi,j=1 2 ®(ai;)) "
+ alr(zi,jq,z ai;)®(s) + apr  ®(s) (Y, G=1,2 a;)" + aB(Zi,j=1,2 az;)r" ®(s)
+ 044<I’(5)T(Zi,j=1,2 aij)* + a5(zi,j=1,2 aij)q)( )T + a6q>(3)(2i,j=1,2 Qi )*7"*

which implies that

alr(b(Zi,j:l,Q aij)s + @27"*5‘I)(Zi,j=1,2 aij)* + a?)(I)(Zi,j:l,Q az‘j)T*S + 04457'CI’(Zi,j=1,2 aij)*
+ O‘5(I)(Zi7j=1,2 a;)sr + 065@(Zi,j=1,2 ai;)*r*
=0¢17"(Zi,j=1,2 @(aij))s + a2T*S(Zi,j=1,2 (I)(aij))* + a3(Zi,j=1,2 @(aij))r*s + 0‘45T(Zi,j=1,2 (I)(aij))*

L

+ 045(Z¢}j=172 ®(a;;))sr + O‘6£(Zi,j=1,2 D(ay;))
Thus

@17"(‘1)(21‘,]&1,2 az‘j) - Zz‘,j=1,2 q)(aij))s + O‘2T*5((I>(Zi,j=1,2 az‘j) - Zi,j=1,2 (I)(aij))*

+ O‘3((I>(Zi,j=1,2 aij) - Zi,j=1,2 (D(aij))T*S + 04457"(‘I>(Zi,j=1,2 aij) - Zi,j=1,2 (I)(aij))*
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+ O45(‘I>(Zi,j=1,2 aij) = Zz’,j=1,2 D(a;;))sr + 0463(‘1’(2@]&1,2 aij) = Zi,j=1,2 (I)(a'ij))*r* =0.
It therefore follows that
aqrts + a2r*st* + a3t7°*s + a4srt* + astsr + a(;st*r* =0.
Similarly, we prove the case (ii) using the identity (L.1I). O
Step 2. For all a;; € A;; and aj; € Aj; (i # 454,75 = 1,2) we have ®(a;; + aj;) = ®(a;;) + ®(a;;).

Proof . Take t = <I>(aij + ajl-) - <I>(aij) - <I>(aji) and t = t;; +1t;; +t;; +t;; in the Peirce decomposition of A, relative
to py. Then, for s = p; or s = p;,

* * *
D(arlalai; + aji)s + aglys(a;; +aj)” + as(a;; +aj;)1ys
* * _ ok
+ayslg(ay +a;) +as(ai; +aj;)slg + agsay; +aj;) 1)
=®(oy 1pa:;8 + aglfL\safj + Oégaijle + a4slAa:j + asa;jslg + aﬁsafj 1?4)
+ ®(arl a5 + ozgl;sa; + agajills + 0¢481Aa;i +asaj;slg+ aﬁsa;ilz).

It follows from Step [I|i) that

a1l 4ts + aglzst* + O[3t1j48 +ayslqt™ + agtsl, + OéGSt*lz =0. (2.5)

If s = p;, then from , we get

(o + s+ ag)(tis + ;) + (o + g + ag) (s +15:)" = 0. (2.6)
By applying involution to the identity , we get

(o + ay + ag)(tis + ;) + (o + oz + as)(tis + ;)" = 0. (2.7)
Multiplying by the scalar a; +as + as, by the scalar as + a4 + ag and subtracting the resulting identities,

we arrive at ((a; + az + a5)2 = (g + ay + ag) )ty + tji) = 0 which shows that t;, + ¢;; = 0. If s = p;, then using
similar reasoning to the previous case, we conclude that ¢;; + ¢;; = 0. This shows that ¢ = 0. O

In the following two steps, we consider 7 a rational number satisfying the condition as + oy + ag = (g + a3 +as).

Step 3. For all a;; € A;;, a;; € A;; and aj; € Aj; (i # j5i,5 = 1,2) we have ®(a; + a;;) = ®(a;) + P(a;;) and
P(ai; + aj;) = P(ay) + ®(ay,).

Proof . Take t = ®(a;; + a;;) — ®(a;;) — ®(ai;) and ¢ = t;; + t;; + t;; + t;; in the Peirce decomposition of A, relative
to p;. Then, for s = p; or s = pj,

(ol g(ai; + aij)s + aollas(ai + ai;)* + az(a; + ai;)1as
+ayslaa; + aij)* + a5 (ag; + aij)51A + ags(ag; + aij)*ll)

=<I>(a11Aaiis + QQIZsa:Z- + aga“vl;s + a481AaZ + asa;81 4 + aGSa;—lZ)
* *

+ @(allAaijs + a21;salj + agaijlis + agsl qa;; + asa;sl 4+ aﬁsa:‘jlz).
It follows from Step [1f(i) that
* * * * * ok
a1lats + aglyst™ + astl gs + agslqt + astsl g+ agst 14 = 0. (2.8)

If s = p;, then (2.8)) becomes the identity

(a1 + ag + o) (ti +tj;) + (0o + o+ ag)(ty; +t55)" =0 (2.9)
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By applying involution to the identity (2.9)), we get
(CYQ + Gy + ag)(tii + tjz) + (Oél + (0% + Oé5)(t” + tjz)* = 0. (210)
Multiplying (2.9)) by the scalar o + a3 +as, (2.10]) by the scalar as +ay + ag and subtracting the resulting identities,
we arrive at ((o +a3+a5)2—(a2 +a4+a6)2)(tii+tﬁ) = 0 which yields ¢;;+;; = 0. If s = p;, then using similar reasoning
to the previous case, we arrive at t;; + t;; = 0. This shows that ¢ = 0. Next, take u = D(ay; + aji) - ®(a;) - q)(aji)
and u = u;; + u;; + uj; + uj; in the Peirce decomposition of A, relative to p;. Then
®(ay1alag + a;i)p; + aolap;(ai +aj;)* + azlay + aj;)Lap;
* * _ ok
+aypilala; +a;;) +as(ay +a;i)pila+ aepi(ai +aj;) 1)
* * * * * *
=®(a14a:p; + alypias + aza;lap; + caupil aas; + asa;p;la + aepjaila)
* * * * * *
+ @(allAaﬂp] + a21Apjaji + a3aji1Apj + oz4pj1Aaji + oz5ajipj1A + ozﬁp]aﬂlA)
This implies that
* * * * ¥ ¥
arl qup; + al gpju + azul gp; + aup;lau + asupijlg +agpju 14 =0
which shows that
*
(Oél + Qa3 + Oé5)(Uij + u“) + (QQ + Qy + ag)(uij + ’U/]j) = 0. (211)
By applying involution to the identity (2.11)), we get
(OLQ + Qy + a6)(uij + ’LLJ]) + (041 + Qa3 + 055)(’Z,L,L'j + ’U,]])* = 0 (212)
Multiplying (2.11)) by the scalar ay + ag + a5, (2.12) by the scalar ay + a4 + ag and subtracting the resulting
identities, we arrive at ((oq + as + a5)2 (g + oy + aﬁ)z)(uij + ujj) = 0 which yields u;; + u;; = 0. Next, as
(o 1ap;(ay +aj;) + asly(a; + aji)p; + Oéspjljct(an‘ +aj;)
* * ¥
+ag(ay +aj;)lap; + aspjlag + aji)la+ aglag + aj;)pjla)
* * * * * %k
=®(a1lapja; + aslqa;p; + azpilaa; + cuaylap; + aspjagla + aga;pjly)
* * * * * oKk
+ ®(oqlapjas + aolyap; + azpilaaj; + asa;lap; + aspjazila + asazpjly),
then a1 4pju + aglj\up; + agpjlzu + a4u1Ap; +aspjul 4+ aﬁupjlz = 0, by Step (ii). From this we get (aq + a3 +
a5)uﬁ = 0 which leads to uj; = 0. Finally, as
il a(p; = vp;)aji + anlyaji(p; — vp;)" + as(pi — vp;)1aay
* k ok
+agajla(p —p;)" +as(pi —pj)ajila + agaji(p; —vp;) 14 =0,
then
(a1 a(p; — vy )i + aji) + oy (ay + aji)(pi — vp;)" + az(pi — vp;) L alai + aji) + asla + a;i)1a(pi = vp;)"
+as(p; - ’ij)(am‘ + aji)l.A +ag(a; + aji)(pi - ’ij)*ljt)
=®(ay1a(p; = vpj)ai + aolaas(pi = ;)" + as(pi — vpj)1aas + asaula(p; = vp;)" + as(pi — vpj)aila
* ok * * *
+aga;i(pi —vpj) 1a) + ®(arlalp; = vpj)az + aolaaz(pi — vp;)" + as(p; — vpj)1aaj;
+aga;ila(ps = ;)" + as(pi = pj)ajila + agaji(pi — vp;) " 14)

which leads to
a1l a(p; —p;)u+ a1 qulp; —vp;)* + as(pi — vp; )1 4w+ auul A(pi —vp;)* + as(pi — vp; Jula + agulp; —vp;) 14 = 0.
From this we get (ZZ=1 ay)ui; = 0. Therefore u;; = 0. The Step is proved. O

Step 4. For all a;; € A, a;5 € A;j, a;; € Aj; and aj; € Ajj (i # j;i,7 = 1,2) we have ®(a;; + a;j + ajl-) =
(ID(aii) + q)(a,”) + q)(ajl) and @(a” + aji + CLJJ) = q)(a,”) + (I>(aﬂ) + <I>(ajj)
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Proof . Take t = @(aii +a;; + aji) - (I>(a”) - <I>(a”) - @(aji) and t = t;; + t” + tﬂ + tj] in the Peirce decomposition
of A, relative to p;. Then, by Step [2] we have
‘b(aﬂApj(% +a;; + aji) + 0421:(%@‘ +a;; + aji)p; + 043pj1:k4(aii +a;; + aji)
+ay(a; +a; + aji)lAp; +agpi(a; + ai; +aj;)14 + agla; + a;; + ajz-)p;ll)
* * * * * %k
=®(a1lapja; + azlqa;p; + azp;laa; + asay;lap; + aspjagla + aga;pjly)
* * * * * %k
+ ®(aglapjai; + alya;pj + azpilaa; + asa;ilap; + aspjala+ aga;pjly)
* * * * * _ %k
+ ®(aqlapjas + aglyasp; + azp;laaj; + asa;lap; + aspjazla + agazpjly)
from which we get a;14p;t + aglztp; +agp; Lt + a4t1Ap; +agptl g+ a@p}‘l; = 0, by Step ii). It therefore follows
that (o + s +ag)(tj; +1,;) + (a2 + ay +ag)(t;; + t;;) = 0 which results that ¢;; = 0, t;; = 0 and ¢;; = 0, by directness
of the Peirce decomposition and by hypotheses on the rational scalars. Next, as
a1l a(pi = vpj)aji + aollnayi(p; — vp;)* + as(p; — vpj)1aa;
* k%
+agajla(pi —vp;)" + as(pi = vpj)ajila + agaji(p; —vp;) 14 =0,
then, by Step [3] we have
O(ay1alps = o) ais + aij; + aji) + axly(ay + ai; + aji)(pi —vp;)" + az(pi — vp;)1a(ai + ai; + aj;)
* * ok
+aylag + ai; +a;;)1a(ps —vp;)" + as(pi = vpj )@ + aij + aj;)1a + a(ay + ai; +aj;)(pi = ;) 14)
=®(ay Lalp; = vp;)ais + o laii(p = vp;)" + os(p; = vp;)1aai; + cuazlalp; = vp;)* + as(pi = vp;)asila
* Kk * * * *
+ agaii(pi —vp;) 1) + ©(a1la(p; — vpj)aij + aolai(pi —p;)" + as(ps — vpj)1aai; + csai14(pi — vp;)
* % * * *
+a5(p; = vpj)agla + agai(p; —vp;) 14) + ®(aq1a(p; = vpj)az; + aolaaj(p; = vp;)" + as(pi = yp;)1aaj;
+ aqazla(pi — ;)" + as(pi = vpj)ajila + asaji(pi —vp;) 14)

from which we get

arla(pi = p; )t + o lt(p; = vp;)" + as(ps = vp; )1t + autlalp; = vp;)" + as(pi = yp; 1 a + ast(p; = yp;) 124 = 0.
This implies that (ZZ=1 ay)t;; = 0 which yields ¢;; = 0. Similarly, we prove the other case. O

Step 5. For all a;; € Aj;, a;; € Ajj, aj; € Aj; and a;; € A;; (i # j3i,j = 1,2), we have <I>(Zl-7j=172 aij) =
Zi,j=1,2¢(aij)-

PI'OOf . Take t= ®(Zi7j=172 Cl”) - Zi,j=l,2 (I)(a”) (= <I>(a“ + aij + aji + Cljj) - @(G/“) - <I>(a”) - <I>(a]1) - @(a]j)) and
t=t; +t;; +1tj +1t;; in the Peirce decomposition of A, relative to p;. Then, for s = p; or s = p;, by Step E| we have

P(ay 1./45(21‘,]‘:1,2 aij) + a21f4(2i,j=1,2 aij)S* + a351f4(zi7j=1,2 aj)
+ a4(Zz’,j=1,2 az‘j)lAS* + ass(zz',j=1,2 aij)la+ aﬁ(Zi,j=1,2 aij)S*lil

= Zi,j=172 q)(OéllAS(lij + O[21j4a7;j8* + Ot351j40,ij + Oé4CL7;j1AS* + 045$aij1A + a6aijs* 1;)
which implies the identity
* * * * * ok
a1l st + aglqts + agsl gt + agtlgs + agstl g+ agts 14 =0 (2.13)
If s = p;, then (2.13) becomes the identity

(al + (0% + O[5)(t” + tl]) + (a2 + Qiy + aG)(tii + tjz) = 0. (214)

If s = p;, then (2.13) becomes the identity

(Oél + a3 + Oé5)(tji + t]_]) + (042 + ay + Oé6)(t7l] + t]]) = 0 (215)

Adding l) and 1) we get (22=1 oy ) (s + t;; +tj; +t;;) = 0. This shows that ¢t = 0. O
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Step 6. For all a;;,b;; € A;; (i # j;4,7 = 1,2) we have ®(a;; + b;;) = ®(a;;) + D(by;).

Proof . First, note that the following identity holds
(a1 +az +az)(ai; +b;;) + (az +ay + 046)(61;‘ + bija;‘kj) =1 4(pi + aij)(pj + bij) + aola(p; + by )(pi + aiy)”
+ as(p; + aij)lfc\(l?j + ;) + ag(p; + bij)1alps + aij)*
+as(p; + ai)(pi + bi;)1a + as(p; + by )(ps + ai;) 14,
for all a;;,b;; € A;;. It follows from Step [f that
O((ay + oz + as)(ai; + b)) + S((az + ay + ag)(ag; + bijai;))
=0((a; + a3 + aS)(azj +0; ) (ag +ay+ 046)(@:3‘ + bija:j))
=®(ay Lalp; + ai;)(pj + biy) + aalla(p; +bij)(pi + aiz)” + as(pi + ay;)La(p; + bij)
+ay(py + b)) Lalp + aiy)" + os(p; + ay;)(ps + bij)La + as(p; + bi)(pi + ai;) 1)
=1 ®(14)(pi + aij)(pj + biy) + 2 ®(14) " (ps + bij) (i + a;)” + oz(ps + ai;)2(14)" (p; + bij)
+ay(p; + big)®(14) (ps + aiy)” + as(pi + ai;)(p; +biy)2(14) + ag(p; + bij) (i + ai;)  (1.4)"
+ a1 4®(p; + ai;)(ps + byy) + aala(p; + biy)@(pi + ai;)” + az®(p; + ai;)Ua(p; + bij)
+ay(p; + big ) La®(ps + i) + o ®(p; + ag;)(pj + bij)1a + ae(p; + by )@ (p; + ai;) 1
+ o La(p + ai;)®(p; +byj) + L4 ®(p; + b)) (i + i)™ + az(p; + ai;)La®(p; + by;)
+ay®(p; + bi;)1alp; + aij)* + a5 (ps + ai;)®(p; + i) 1a + as®(p; + bi;)(ps + aij)*lil
=0¢1‘I’(1A)Pipj + azq)(lA)*PjP: + aSPi(I)(lA)*pj + 044Pj‘1)(1A)P: + 045P¢Pj‘1>(1A) + aGPjP:‘I’(lA)*
+ Oé1q)(1A)aiij + az@(lA)*Pja:j + Oésaz‘jq’(lA)*pj + 044]1]"1)(1,4)@::‘3' + a5aijqu)(1A) + agpja;; q)( )
+ a1 ®(La)pibij + a®(14) " bijp; + i ®(1a) iy + agbyy ®(1a)p;
+ 045pibij¢’(1fl) + agbijp; @(14)" + a1 ®(1a)aibi; + as®(14) byjai;
+ aza,;9(1 )b j + b <I>(1A)a + 50,0 P(14) + agbijaij (14)"
+ oqlA‘I)(pl)pJ + a1 p;®(pi)" + as®(p;) Uap; + aap;1a®(p;)”
+ a5 ®(p;)p;la + ap;®(p;) 1% + a1 14®(ai;)p; + asliyp;®(ay;)”
+ as®(ag;)1ap; + aapj1a®(a;;)™ + as®(as;)pjla + aep;®(ai;) 14
+ a1 4 ®(p;)bij + ol ®(pi)" + az®(pi)1abij + cubijla®(p;)”
+ a5 ®(p;)bijla + achij®(p;) Ly + ar1La®(ay; )by + anliab;®(a;;)”
+ a3 ®(ai;)1abi; + aubijla®(ai;)” + as®(a;;)bijla + agbij®(a;;) 14
+ a1 1ap;®(p;) + azl3®(p;)p; + azpil s ®(p;) + s ®(p;)1ap;
+asp;®(p;)1a + ag®(p, )pi L + arl4a:;®(p;) + azl3®(p;)ai;
+ a3a;;150(p;) + s ®(p;)Laas; + asa;; ®(p;)1a + ag®(p;)ai; 1%
+ a1 ap®(bi) + 14 ®(bi;)p; + spily®(by;) + s ®(bi;)1ap;
+ aspi®(bij )14 + ae®(bij)p; 14 + a1 4a;;®(bi;) + anl 3 ®(bi;)as;
+ agaiﬂ;@(sz) + oz4<I’(bij)1Aa;j + 50, P(bi;)1a + a6<1>(bij)a:j 1%
=®(ay1apip; + a2l ap;pi + aspilap; + aup;lap; + aspipjla + aspip; 14)
+ ®(oq14a:p; + a21j4pja:j + azag 1 ap; + a4pj1.Aa;'kj + asaipila+ a6pja:j1f4)
+ (a1 apibi; + gl lbip; + cspiliabi; + cubijlap; + aspibisla + agbijp; 14)
+ @(allAaijbij + aglibi;a; + a3ai,»1:k4b~ + ayb;; 1Aa + asa; ;b1 4 + aﬁbijafjljit)

=0((ay + a3 +agz)a;;) + D((an + ag + 046) ) +®((ag + ag + a5)b;;) + O((as + oy + aG)bija:j)-

This shows that

B((on + az +as)(ag + b)) = (a1 + az + as)ay;) + P((oq + ag + az)b;;).
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This last result allows us to conclude that ®(a;; + b;;) = ®(a;;) + ®(b;;), for all a;;,b;; € A;;. O
Step 7. For all aii,bii € ./4“ (Z = 1,2), we have <I>(a” + b”) = (I)(a“) + @(b”)

Proof . Take t = ®(a;; + b;;) — ®(a;) — ®(by;) and t = t;; + tij +ti; + 1t (i # §) in the Peirce decomposition of A,
relative to p;. Since
(a1 a(az + big)p; + aolapj(ag +bi)™ + az(ai + by)1ap;
+ a4pj1A(aii +b;;)" + as(a; + bii)ple + Oé6pj(aiz‘ + bii)*l.tl)
* * * * * *
=011 4a:pj + aslapjai; + aza;lap; + aupjlaag; + asa;pjla + agpjaz;la)
+ ®( g 1abipj + anlyp;by + asbilap; + cup;laby; + asbipijla + agpbiils),
it follows that
aq 1.Atpj + Oégljlpjt* + a;;tl;pj + oz4pj1At* + Oé5tpjl_A + ozgpjt* 1: =0
from which we get
*
(Oll + Qa3 + Ol5)(t” + t_”) + (042 + Qy + (Xﬁ)(t” + t]]) = 0. (216)

By applying involution to (2.16]), we deduce the identity

(Ol2 + Qy + Olﬁ)(tw + t]]) + (Oél + Qa3 + O{5)(tw + t]])* = 0. (217)

Multiplying (2.16) by a1 + az + as, (2.17) by as + a4 + ag and subtracting the resulting identities, we obtain
((a1 + ag + a5)2 (g +ay + a6)2)(tij + tjj) = 0. This shows that ¢;; + t,;; = 0. Next, for all s;; € A;;, we have

* * *
(o155 (ai; +by) + aslia(ay +by)si; + azs;jl(ag; + by;)
* * *
+ay(ag +b;)1asi; + assii(a; + b))l + ag(ag; + bi;)s;j1a)
* * * * * E3
=0 148:505 + agllaay;s;; + cgsi1aa, + aga;l sy + 0550514 + agagis;;1a)

*

* * * *
+ @(allAsUb” + a21Abii81j + agsilebii + a4bii]-.Asij + Ct58ijb“'].A + aﬁb“s”lA)

It follows that

OlllASijt + Ck2].j4t8:] + agswlj‘t + Ol4t1ASZj + Ck5$l'jt].A + a6t8:j1f4 =0

from which we get (a; + az + az)s;;t;; = 0. As consequence we have ¢;; = 0, in view of the properties in (#), of
Theorem @ and of the hypotheses on the rational scalars. Also, by Steps [5] and @, for all 5;; € Aj; we have

* * *
Bl gsj;(ai; +by) + asla(ay +by)sji + azsiily(ag + bi;)
* * *
+ay(a; + bz’i)l.ASji +agsji(a; +bi)1a + aglag; + bii)sjil.A)
* * * * * *
=0(a1lasjiai + ol ga;sj; + a3sjilaa;, + agail asy; + assjiaul g+ aea;isj;1 )
* * * * * *
+ CI)(ozl lASjibii + a21Abii3ji + OégSjilAbii + a4bii1ASji + a55jibii1A + aﬁbiisjilA)~
It follows that
* * * * * *
Olll_ASjit + OéQlAtSji + 035,7'1‘1,415 + Oé4t1_ASji + Oé55jit1A + a6tsji1A =0

from which we get (a; + as + a5)sjit“- + (g +ay + a6)tiis;i = (. From this, we deduce that t;; = 0, by directness
of the Peirce decomposition, by properties in (#), of Theorem and by hypotheses on the rational scalars. This
shows that ¢ = 0. O

Therefore, it follows from Steps [f [6] and [7] that ® is additive. The Claim [2]is proved. In the remainder of this
paper, we assume in addition that a; — ag + a5 — ag # 0.

Claim 3. ®(14) =0 and ®(b*) = &(b)*, for all b € A.
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Proof . First, note that

(Yot ) @(1a) =®(ar1alal g + ol lally + aglallila + aulalally + aslalaly +aglallyll)
= ®(14)1al g + 2®(14) " 1ally + 03la®(14) Lo+ g1 ®(14) 10 + a5l 414P(14)
+agl 14 ®(14)" + a1l a®(1a)la + 2131 49(14)" + ag®(14) 114 + agl g1 4®(14)"
+asP(1a)lala+ agla®(1a) 1% + arlala®(1a) + gl ®(14)1%
+agla % ®(1a) + ag®(1a)1ally + asla®(La)la + as®(La)141%

=(30él + (6) + 20[3 + 20{4 + 30{5 + QG)(P(lA) + (20{2 + Qg + Oy + 20&6)@(1A)* (218)

Hence, the identity (2.18]) becomes

(200 + a5 + oy + 205)B(14) + (200 + a3 + vy + 206)B(14)* =0 (2.19)

By applying involution to the identity (2.19)), we get

(2000 + a3 + vy + 206)P(14) + (201 + a3 + g + 205)P(14)" = 0. (2.20)

Adding 1] and 1) we obtain 2(22:1 o) (@(14) + ®(14)") = 0, which yields

B(14)" = -d(14). (2.21)

Replacing (2.21)) in (2.19) we arrive at 2(a; —as+as—ag)®(14) = 0 which shows that ®(14) = 0. As a consequence,
for all b € A, we have

Do 14bl g + sl 1 qb™ + agblyla + gl algb™ + asbl 414 + aglab™1y)
= P(14)b1 4 + ao®(14) 140" + asb®(14) 14 + gl 4 P(14)0" + asbl 4 (1 4)
+aglgb " ®(14)" + a1 4P(b)14 + a1l 4®(b)" + as®(b)1al g + gl g1 4®(b)" + s ®(b)1 414
+ gl a®(D) 17 + a1 4bP(14) + sl ®(14)0" + asbl 3 B(14)
+ s ®(14)1 40" + asb®(14)1 4 + ag®(14)07 1%

which result that (aq + az + a5 )®(b) + (s + oy + ag)®(b*) = (a1 + az + a5)®(b) + (ag + ay + ag)®(b)*. Therefore
o(b*) =d(b)". O

Claim 4. & is a multiplicative derivation.

Proof . For all b,c € A, replace a by 14 in the identity (1.1). Then
O (a1 4bc + aglicb* + a3b1f40 + agel 4b" + asbel 4 + aﬁcb*lz)
=o¢1<I)(1A)bc + O[Q(I)(IA)*CZ)* + (ngq)(l_A)*C + a4c<I>(1A)b* + (15bC‘I’(1A) + agcb*iD(lA)* + OéllA(I)(b)C + a21f46<1>(b)*
+ a3®(b)15c + agel 48(0)" + asD(b)cl 4 + age®(b) 1y + a1 40P (c) + anl '3 ®(c)b* + azbl 'y B(c)
+ g ®(c)1 40" + azb®(c)l 4 + ag®(c)b 17
which implies that
O((oq + az + as)be + (ay + oy + ag)eb™) =(ag + ag + as)((b)c + bd(c))

+ (oo + oy + ) (D(c)d" + c®(D)"). (2.22)

Next, replacing in 1) ¢ by ¢*, we get

B((o + g + a5)be” + (g + ay + ag)e’d™) =(oq + ag + a5 ) (D(b)c” + bd(c"))
+ (g +ay + aG)(q)(c*)b* + c*q>(b)*) (2.23)
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and applying involution to the identity (2.23]), we arrive at

O((ay + oy + ag)be + (ag + ag + ag)eb”) =(as + ag + ag) (B(b)e + bd(c))
+ (a1 + az + a5)(P(c)b” + cd(b)). (2.24)

It follows from (2.22)) and (2.24)) that
(o1 + a3 + a5)* = (a2 + ag + a6)*) (®(be) = B(b)e = bd(c)) = 0

which shows that ®(bc) = ®(b)c + b®(c). Therefore, ® is a multiplicative derivation. O

By Claims and [ we have proved that ® is an additive *-derivation. This completes the proof of Theorem
21l

In view of this, we have the following corollaries.

Corollary 2.2. Let A be a unital *-algebra with 1 4 its multiplicative identity having a nontrivial projection p; (write
p2 = 14 — p1) such that the following two properties

xAp; = 0 implies x =0 (I = 1,2) (o)

are verified and ® : A — A a *-derivation-type on mixed product a#,b#,c, where 7, v are rational numbers satisfying
the conditions n # —1 and |v| # 0,1. Then ® is an additive *-derivation.

An algebra A is called prime if satisfies the property a.4b = 0, for a,b € A, implies either a = 0 or b = 0. It is easy
to see that prime *-algebras satisfy the two properties in (#), of the Theorem (resp., of the Corollary .

Corollary 2.3. Let A be a unital prime *-algebra with 1 4 its multiplicative identity having a nontrivial projection
and ® : A —» A a *-derivation-type on mixed product a#,b®,c, where n,v are rational numbers satisfying the
conditions  # =1 and |v| # 0,1. Then ® is an additive *-derivation.

3 Applications

In this section, we present applications of Corollaries and to von Neumann algebras. In [I] and [5] the
authors showed that if a von Neumann algebra has no central summands of type I, then A satisfy the two properties
in (#). Thus, we have the following corollary:

Corollary 3.1. Let A be a von Neumann algebra with no central summands of type I; and ¢ : A — A a *-derivation-
type on mixed product a#,b®,c, where n,v are rational numbers satisfying the conditions n # —1 and |v| #0,1.
Then @ is an additive *-derivation.

A von Neumann algebra A is a weakly closed self-adjoint algebra of operators on a Hilbert space H containing the
identity operator 14. A von Neumann algebra whose centre is C1 4 is called a factor. It is well known that a factor
von Neumann algebra is a prime algebra [I0]. Therefore, we have the following corollary:

Corollary 3.2. Let A be a factor von Neumann algebra with dimA = 2 and ® : A —» A a *-derivation-type on
mixed product a®,b®,c, where 7, v are rational numbers satisfying the conditions n # —1 and |v| #0,1. Then @ is
an additive *-derivation.
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