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Abstract:  

Background: Peristalsis is crucial in industrial applications for transporting delicate or corrosive 

liquids through tubes without direct contact with mechanical elements. It enables precise fluid flow 

control in pharmaceuticals, food processing, and chemical handling. The current article deals with 

the combine effects of heat transfer and thermal radiation on peristaltic flow of a Phan-Thien-

Tanner (PTT) fluid through channel. The nature of the walls is assumed to be permeable. The 

theoretical model considers the motion of conductive physiological fluids affected by heat, thermal 

radiation, and permeability. This model has important biomedical applications such as improving 

drug delivery systems, optimizing thermal therapies, and analyzing blood flow behavior with 

external heat sources. 

Mathematical model: The flow is modelled using momentum, and energy, equations with 

Saffmann boundary conditions at the walls. The governing equations, including the continuity, 

momentum, and energy equations, are simplified under the low Reynolds number and long 

wavelength approximations.  

Solution Methodology: An analytical approach is used to solve the coupled equations, which 

gives detailed profiles of velocity, temperature, and pressure fields in the channel. The impact of 

important parameters like the Weissenberg number, porosity factor, radiation parameter, and 

Brinkman number on flow characteristics and temperature distribution is thoroughly investigated 

using Mathematica Software. 

Results: The study shows that increasing the Weissenberg number results in a more elastic fluid, 

improving energy storage and redistribution during deformation. Higher values of Darcy number 

(𝐷𝑎), Prandtl number(𝑃𝑟), and radiation parameter (𝑅𝑑) lead to a decrease in temperature profile, 

indicating the impact of thermal radiation and permeability on flow efficiency and heat transfer 

regulation. These findings are valuable for optimizing microfluidic devices, biomedical systems, 

and porous media applications, where precise thermal management and flow control are crucial. 
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1. Introduction  

Peristalsis, a wave-like pattern of muscle contractions, is responsible for moving biological fluids 

mailto:mchannakote@rediffmail.com


 

2 
 

from one place to another through muscular contractions. These contractions originate in the 

digestive system and are a natural and essential part of its function. The ureter, which connects the 

kidney and bladder, also exhibits peristaltic movement. Due to its critical role, peristaltic flow is 

widely used for both physiological and mechanical purposes in various conditions. Its applications 

extend to industries such as nuclear, ceramic, porcelain, oil, industrial, paper, and food sectors, 

where it is utilized daily. The concept of fluid movement through peristaltic transfer was first 

introduced by Latham, and subsequent research by Shapiro et al. laid the groundwork for further 

studies. Numerous researchers have focused on advancing peristaltic transport by investigating the 

effects of various physical properties across different media, resulting in promising outcomes. 

Extensive research has been conducted using both theoretical and experimental approaches, with 

significant contributions from researchers in this field [3-11]. 

Recent breakthroughs have enabled significant practical applications for investigating peristaltic 

transport using Phan-Thien and Tanner (PTT) liquid in various geometrical forms across several 

sectors and physiological domains. This mechanism is utilized in the medical and physiological 

fields to develop artificial heart-lung machines and ensure the safe evacuation of hazardous liquids 

from nuclear power plants, among other applications. The PTT constitutive equation provides 

accurate estimates of the rheology of various concentrated polymer solutions and melts. These 

fluid models are widely employed in procedures involving high temperature and heat transfer 

operations to mimic real fluids. It is now well acknowledged that the majority of biofluids in nature 

behave as non-Newtonian fluids. Hakeem and Naby [12] employ a Phan-Thien-Tanner fluid model 

to replicate the complex dynamics of chyme within the small intestine, achieving a strong 

correlation between their theoretical predictions and experimental results. Recntly, many other 

researchers like Abd El Hakeem and Abd El Naby [13], Siddiqui et al.[14], Hayat et al. [15, 16], 

Mahadev and Axita [17], Channakote et al. [18] are also studied the PTT fluid. 

The inclusion of porous permeable walls in the analysis of peristaltic flow in planar channels 

significantly improves the understanding and practical application of these systems in various 

fields. By incorporating porous permeable walls, researchers can model biological and industrial 

systems more realistically and explore intricate interactions such as fluid-wall exchange, energy 

transfer, and stability. This approach enables the development of advanced systems in engineering, 

medicine, and environmental science. Many researchers have explored the application of 

generalized Darcy's law in the context of peristaltic flow in porous media. Vajravelu et al. [19] 

studied peristaltic transport in channels with porous permeable walls. This study builds on their 

work by incorporating heat transfer and thermal radiation effects within the Phan-Thien-Tanner 

fluid model in a permeable porous channel. This novel approach provides valuable insights into 

the thermomechanical interactions of viscoelastic fluids, enhancing our understanding of flow 

dynamics in complex physiological and industrial settings. Radhakrishnamurty [20] explored the 

peristaltic mechanism influenced by heat transfer in a porous medium. Channakote and Kalse [21] 

investigated heat transfer in peristaltic motion of Rabinowitsch fluid in a channel with a permeable 

wall. Further research on this topic can be found in references [22–29]. 

The study of bioheat transfer and thermal radiation in peristaltic flow through porous channels is 

a critical area of research with applications in biomedical engineering and energy systems. 

Peristaltic flow, characterized by rhythmic wall contractions, is a natural phenomenon in biological 

systems like blood vessels and the gastrointestinal tract, as well as in industrial processes. 

Integrating bioheat transfer and thermal radiation provides valuable insights into the thermal and 

mechanical interactions in these systems. Sunitha and Asha [30] investigated the impact of heat 
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radiation on peristaltic blood flow in a Jeffrey fluid with gold nanoparticles and double diffusion. 

Kothandapani et al. [31] examined the impact of heat radiation on peristaltic transport in various 

fluid systems. Rafiq and Abbas [32] studied the effects of heat radiation and viscous dissipation 

on peristaltic flow of Rabinowitsch viscoelastic fluid in a non-uniform inclined tube. Hayat et al. 

[33] conducted a detailed analysis of magneto-nanofluid flow in a porous channel, highlighting 

the significance of radiative peristaltic motion and thermal radiation. Asha and Vijayalaxmi 

[34]investigated the combined effects of electro-osmosis and Joule heating on peristaltic transport 

of hyperbolic tangent fluid through a porous medium, particularly in the context of endoscopic 

applications. Channakote and Siddabasappa [35] explored the heat and mass transfer phenomena 

in the peristaltic flow of Pan-Thien Tanner liquid, considering wall properties. In a subsequent 

study, Channakote et al. [36] discussed the peristaltic pumping of an Ellis rheological fluid in a 

non-uniform tube, taking into account convective heat transport and viscous dissipation. Recent 

research has introduced a comprehensive approach to analyzing peristaltic transport in various 

flow configurations and geometric variations [37-45]. 

This research builds on prior studies and seeks to examine the peristaltic flow of a Phan-Thien-

Tanner fluid with heat transfer and thermal radiation through a permeable wall. The investigation 

aims to understand the interaction between peristaltic motion and heat transfer to enhance flow 

efficiency. The Phan-Thien-Tanner fluid exhibits distinctive characteristics like shear thickening, 

shear thinning, and time relaxation. The study analyzes the influence of different parameters on 

velocity, temperature, pressure rise, and pressure gradient depicted through graphical illustrations. 

The physiological and biological fluid studies are motivated by the following key objectives. 

• Comprehensive analysis of the impact of heat transfer and thermal radiation on the flow 

characteristics of the Pan-Thien-Tanner (PTT) fluid model under peristaltic motion. 

• Influence of key parameters such as Weissenberg number, permeability, and radiation 

parameters on flow dynamics. 

• Application to biological and industrial peristaltic pumping systems with porous 

boundaries. 

• Examination of the rheological properties of the Pan-Thien-Tanner (PTT) fluid model, 

capturing its non-linear viscoelastic behavior and relevance to biomedical and industrial 

applications. 

• Novel consideration of peristaltic transport through permeable porous walls, providing 

insights into fluid dynamics in channels with filtration or absorption. 

• Application of the model to systems such as biological peristalsis (e.g., gastrointestinal 

fluid transport) and porous industrial structures (e.g., filtration devices). 

• insight into biomechanical and engineering applications, such as blood flow modeling and 

industrial transport systems. 

2. Constitutive equations: 

The extra stress tensor for the linear Phan-Thien and Tanner fluid model is given by Vajravelu et 

al. [19] and Hayat et al. [15-16]. 

𝑇 = −𝑝𝐼 + 𝜏,                                                                                                                                                              (1) 

𝑓(𝑡𝑟(𝜏))𝜏 + Κ𝜏∇ = 2𝜇𝔻,                                                                                                                                          (2) 
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𝜏∇ =
𝑑𝜏

𝑑𝑡
− 𝜏. 𝕃′ − 𝕃. 𝜏,                                                                                                                                               (3)                                                                                  

𝑓(𝑡𝑟(𝜏)) = 1 +
𝜖𝜅 

𝜇
𝑡𝑟(𝜏),                                                                                                                                        (4) 

where, 𝕃 = grad V. 

In the above equations, 𝑝 represents pressure, 𝐼 denotes the identity tensor, and 𝜇 is the dynamic 

viscosity. The extra stress tensor is denoted by 𝜏, while 𝔻 represents the deformation rate tensor. 

The relaxation time is given by Κ, and 𝜏𝛻 corresponds to Oldroyd's upper convected derivative. 

Furthermore, 
𝑑

𝑑𝑡
 signifies the material derivative, 𝑡𝑟 represents the trace, and a prime indicates the 

transpose. Notably, when the extensional parameter (𝜖) is set to zero, the PTT model reduces to 

the upper convicted Maxwell model. 

3. Mathematical Formulation:   

We study the peristaltic flow of an incompressible, non-Newtonian fluid in a planar channel with 

a permeable wall. A rectangular coordinate system is chosen such that the 𝑥-axis lies along the 

central line of the channel in the direction of wave propagation, while the 𝑦-axis is transverse to 

it. The motion is induced by infinite wave trains with a constant speed 𝑐, wavelength 𝜆, and 

amplitude 𝑏, using a fixed rectangular coordinate frame. The physical model is shown in Fig. 1. 

This study investigates bio-heat transfer and thermal radiation in the peristaltic flow of a 

viscoelastic fluid. Specifically, we examine the dynamics of peristaltic transport of an 

incompressible Phan-Thien-Tanner (PTT) fluid model within a planar channel.  

The research is conducted under the following assumptions, which also serve as its constraints: 

• The shear-dependent properties of the fluid are described using the Phan-Thien - Tanner 

fluid model. 

• Integration of energy equations and radiative heat transfer with the PTT fluid flow, 

addressing both mechanical and thermal interactions. 

• The physical flow problem will be simplified through the application of long-wavelength 

and low-Reynolds-number approximations.  

• Transmitting from an unstable state (laboratory frame) to a stable state (wave frame). 

• Heat transfer and thermal radiation are included. 

• The study assumes that the region above the permeable wall represents a porous 

medium, while the region below the wall corresponds to the fluid flow domain. 

• Analytical expressions for axial velocity, temperature, pressure gradient, pressure rise, 

and stream function need to be derived. 

The geometry of deforming channel walls is simulated with: 

                                           ℎ(𝑥̅, 𝑡̅) = 𝑎 + 𝑏 sin (
2𝜋

𝜆
(𝑋̅ − 𝑐𝑡̅)),                                                       (5)                                                                



 

5 
 

in which 𝑎 is half width of the channel, 𝑏 is wave amplitude, 𝜆 is wavelength, 𝑐 is wave speed, 𝑡̅ 
is time. 

The basic equations of continuity, momentum, temperature, and thermal radiation can be derived 

following the established standards [15, 16, 19, 41]. 

 

 

 

 

 

 

                                         

 

                                        Figure 1. Flow geometry of the problem 

The equations, which can govern the present flow circumstances, Hayat et al., [15] are: 

Continuity equation: 

𝜕𝑢̅

𝜕𝑥̅
+
𝜕𝑣̅

𝜕𝑦̅
= 0,                                                                                                                                                                 (6) 

Momentum equation: 

𝜌 (𝑢̅
𝜕𝑢̅

𝜕𝑥̅
+ 𝑣̅

𝜕𝑢̅

𝜕𝑦̅
) = −

𝜕𝑝̅

𝜕𝑥̅
+
𝜕𝜏̅𝑥𝑥

𝜕𝑥̅
+
𝜕𝜏̅𝑥𝑦

𝜕𝑦̅
 ,                                                                                                 (7)                                  

 

𝜌 (𝑢̅
𝜕𝑣̅

𝜕𝑥̅
+ 𝑣̅

𝜕𝑣̅

𝜕𝑦̅
) = −

𝜕𝑝̅

𝜕𝑦̅
+
𝜕𝜏̅𝑦𝑥

𝜕𝑥̅
+
𝜕𝜏̅𝑦𝑦

𝜕𝑦̅
,                                                                                                              (8) 

Energy equation: 

𝜌𝑐𝑝 (𝑢̅
𝜕𝑇̅

𝜕𝑥̅
+ 𝑣̅

𝜕𝑇̅

𝜕𝑦̅
) = 𝑘 (

𝜕2𝑇̅

𝜕𝑥̅2
+
𝜕2𝑇̅

𝜕𝑦̅2
) + 𝜏̅𝑥𝑥

𝜕𝑢̅

𝜕𝑥̅
+ 𝜏̅𝑦𝑦

𝜕𝑣̅

𝜕𝑦̅
+ 𝜏̅𝑥𝑦 (

𝜕𝑢̅

𝜕𝑦̅
+
𝜕𝑣̅

𝜕𝑥̅
) +

𝜕

𝜕𝑦̅
(𝑞̅𝑟),                                             (9)               

Fluid equation: 

𝑓𝜏̅𝑥𝑥 + 𝑘 (𝑢̅
𝜕𝜏̅𝑥𝑥

𝜕𝑥̅
+ 𝑣̅

𝜕𝜏̅𝑥𝑥

𝜕𝑦̅
− 2

𝜕𝑢̅

𝜕𝑥̅
 𝜏̅𝑥𝑥 − 2

𝜕𝑢̅

𝜕𝑦̅
 𝜏̅𝑥𝑦) = 2𝜇

𝜕𝑢̅

𝜕𝑥̅
,                                                                            (10) 

𝑓𝜏𝑦̅𝑦 + 𝑘 (𝑢̅
𝜕𝜏̅𝑦𝑦

𝜕𝑥̅
+ 𝑣̅

𝜕𝜏̅𝑦𝑦

𝜕𝑦̅
− 2

𝜕𝑣̅

𝜕𝑥̅
 𝜏𝑦̅𝑥 − 2

𝜕𝑣̅

𝜕𝑦̅
 𝜏𝑦̅𝑦) = 2𝜇

𝜕𝑢

𝜕𝑦̅
,                                                                     (11)     

𝑓𝜏𝑧̅𝑧 + 𝑘 (𝑢̅
𝜕𝜏̅𝑧𝑧

𝜕𝑥̅
+ 𝑣̅

𝜕𝜏̅𝑧𝑧

𝜕𝑦̅
) = 0,                                                                                                                               (12)    

𝑓𝜏̅𝑥𝑦 + 𝑘 (𝑢̅
𝜕𝜏̅𝑥𝑦

𝜕𝑥̅
+ 𝑣̅

𝜕𝜏̅𝑥𝑦

𝜕𝑦̅
−
𝜕𝑣̅

𝜕𝑥̅
𝜏̅𝑥𝑥 −

𝜕𝑣̅

𝜕𝑦̅
 𝜏̅𝑥𝑦 −

𝜕𝑢̅

𝜕𝑥̅
 𝜏̅𝑥𝑦 −

𝜕𝑢̅

𝜕𝑦̅
 𝜏̅𝑦𝑦) = 𝜇 (

𝜕𝑢̅

𝜕𝑦̅
+
𝜕𝑣̅

𝜕𝑥̅
),                                           (13)  

𝑓 = 1 +
𝜀𝑘

𝜇
(𝜏̅𝑥𝑥 + 𝜏̅𝑦𝑦 + 𝜏̅𝑧𝑧).                                                                                                                                (14)   
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Rosseland’s approximation is used in radiative heat transfer to describe the radiative heat flux in 

an optically thick medium. It assumes that radiation behaves diffusively due to multiple scattering 

and absorption events. The radiative heat flux (𝑞𝑟) is given by:  

𝑞𝑟 =
−4𝜎̅

3𝑘̅

𝜕𝑇̅4

𝜕𝑦̅
   and  𝑞 = −𝑘∇𝑇                                                                                                                            (15)    

Here 𝜎  stands for the Stefan-Boltzman constant,  𝑘̅  is material conductivity, and 𝑞  is vector of 

local heat flux. We also supposed that the temperature of the fluid within the flow region is 

sufficiently small. By expanding 𝑇4 about 𝑇0 and ignoring the higher order term obtained  

𝑇0
4 = 4𝑇0

3𝑇 − 3𝑇0
4                                                                                                                                                     (16)  

the above appearance and equation (15) now yield. 

𝑞𝑟 = −
16𝜎 𝑇̅3 

3𝜅𝜇𝑐𝑓 

𝜕𝑇̅

𝜕𝑦̅
                                                                                                                                                         (17)                                           

In the equations above, scaling transformations are: 

𝑊𝑒 =
𝑘𝑐

𝑎
, 𝑢 =

𝑢

𝑐
, 𝑣 =

𝑣̅

𝑐𝛿
, 𝑥 =

𝑥̅

𝜆
, 𝑦 =

𝑦̅

𝑎
, ℎ =

𝐻̅

𝑎
, 𝛿 =

𝑎

𝜆
, 𝑝 =

𝑝̅𝑎2

𝜇 𝑐 𝜆 
, 𝜃 =

𝑇̅−𝑇̅0

𝑇0̅̅ ̅

𝑛 =
𝑛̅

𝑛0
, 𝑡 =

𝑐𝑡̅

𝜆
, 𝑃𝑟 =

𝜇 𝑐𝑝

𝐾
, 𝐸𝑐 =

𝑐2

𝑐𝑝𝑇0
, 𝜙 =

𝑏

𝑎
, 𝜏𝑖𝑗 =

𝑎 𝜏𝑖𝑗

𝑐𝜇
, 𝑅𝑑 = −

16𝜎 𝑇̅3 

3𝜅𝜇𝑐 
 ,

𝐵𝑟 = 𝐸𝑐𝑃𝑟, 𝐸𝑐 =
𝑐2

𝑐(𝑇1−𝑇0)
, 𝑅𝑒 =

𝜌 𝑐 𝑎

𝜇 }
 
 

 
 

                                   (18)                                             

The conditions in (5) can be written as 

    ℎ = 1 + 𝜙 sin  (2𝜋 𝑥)                                                                                                                                        (19) 

We present transformations between fixed and wave frames. 

    𝑥̅ = 𝑋̅ − 𝑐𝑡̅, 𝑦̅ = 𝑌,̅ 𝑢̅(𝑥̅, 𝑦̅) = 𝑈̅ − 𝑐.  𝑣̅(𝑥̅, 𝑦̅) = 𝑣̅                                                                                (20) 

 

Saffman boundary conditions play a role in analyzing peristaltic flow, particularly in the study of 

fluid transport in narrow geometries where slip effects become significant. In the context of 

peristaltic flow in a planar channel, these boundary conditions modify the conventional no-slip 

assumption by incorporating a slip length that accounts for the interaction between the fluid and 

the channel walls. 

The appropriate non-dimensional boundary conditions [15, 19, 18] are: 

 
𝜕𝑢

𝜕𝑦
= 0, 𝑣 = 0, 𝑎𝑡 𝑦 = 0                                                                                                                                      (21) 

 𝑢 = −1 −
√𝐷𝑎

𝛼

𝜕𝑢

𝜕𝑦
, 𝑣 = −

𝑑ℎ

𝑑𝑥
, 𝑎𝑡 𝑦 = ℎ                                                                                                                (22)                                                          

 
𝜕𝜃

𝜕𝑦
= 0 𝑎𝑡 𝑦 = 0, 𝜃 = 1 𝑎𝑡 𝑦 = ℎ.                                                                                                                     (23)                                                         

With the help of equation (18) and under the condition of long wavelength and low Reynolds 

number 𝛿 ≪ 1 and 𝑅𝑒 ≈ 0, equations (6)-(14) takes the following form. 

From momentum equation 

    
𝜕𝑝

𝜕𝑥
=

𝜕𝜏𝑥𝑦

𝜕𝑥
                                                                                                                                                            (24) 



 

7 
 

 

   
𝜕𝑝

𝜕𝑦
= 0                                                                                                                                                             (25) 

From fluid equation 

𝑓𝜏𝑥𝑥 = 2𝑊𝑒
𝜕𝑢

𝜕𝑦
 𝜏𝑥𝑦,                                                                                                                                               (26) 

 

𝑓𝜏𝑦𝑦 = 0 = 𝑓 𝜏𝑧𝑧,                                                                                                                        (27) 

 

𝑓𝜏𝑥𝑦 = −𝑊𝑒  
𝜕𝑢

𝜕𝑦
𝜏𝑦𝑦 +

𝜕𝑢

𝜕𝑦
 .                                                                                                                                             (28)                                                                                              

From energy equation                                                                             

  (1 + 𝑃𝑟𝑅𝑑)
𝜕2𝜃

𝜕𝑦2
= −𝐵𝑟𝜏𝑥𝑦

𝜕𝑢

𝜕𝑦
 .                                                                                                                           (29)  

4. Volume flow rate 

The dimensional volume flow rate in laboratory frame is inscribed as 

      𝑄 = ∫ 𝑈̅(𝑋̅, 𝑌̅, 𝑡̅)
ℎ̅

0
𝑑𝑌̅                                                                                                                                        (30)                                                     

where ℎ̅ = ℎ̅(𝑋̅, 𝑡)̅, in wave frame the above equation reduces 

       𝑞 = ∫ 𝑢(𝑥̅, 𝑦̅)
ℎ̅

0
𝑑𝑦̅                                                                                                                                            (31) 

in which   ℎ̅ = ℎ̅(𝑥̅) 

From equations (29), (30) and (31) one has 

  𝑄 = 𝑞 + 𝑐ℎ̅(𝑥)                                                                                                                                                         (32) 

The time averaged over fixed frame 𝑋̅ is 

    𝑄̅ =
1

𝑇
∫ 𝑄 𝑑𝑡
𝑇

0
                                                                                                                                                       (33) 

which after using equation (31) and performing integration leads to 

𝜑 = 𝐹 + 1,                                                                                                                                                                (34)                                                     

where, 

  𝜑 =
𝑄̅

𝑎𝑐
, 𝐹 =

𝑞

𝑎𝑐
,                                                                                                                                                      (35) 

   𝐹 = ∫ 𝑢𝑑𝑦
ℎ

0
                                                                                                                                                          (36) 

Equation (27) tells that 𝜏𝑦𝑦 = 𝜏𝑧𝑧 = 0 and the stress tensors trace changes to 𝜏𝑥𝑥. Integration of 

equation (24) with 𝜏𝑥𝑦 = 0 𝑎𝑡 𝑦 = 0  as the boundary condition (The line of symmetry yields) 

gives. 

 



 

8 
 

   𝜏𝑥𝑦 = 𝑦
𝑑𝑝

𝑑𝑥
                                                                                                                                                             (37) 

With help of equation (26) and (27), we can write 

   𝜏𝑥𝑥 = 2𝜖𝑊𝑒𝜏𝑥𝑦
3                                                                                                                                                      (38) 

From equations(14), (26) and (38), we get 

    
𝜕𝑢

𝜕𝑦
= 𝜏𝑥𝑦 + 2𝜖𝑊𝑒

2𝜏𝑥𝑦
3                                                                                                                                         (39) 

Substituting equation (38) in to (39), we obtain. 
𝜕𝑢

𝜕𝑦
= 𝑦

𝑑𝑝

𝑑𝑥
+ 2𝜖𝑊𝑒

2 (𝑦
𝑑𝑝

𝑑𝑥
)
3
                                                                                                              (40)                                                                          

 

5. Analytical Solution 

Utilizing the boundary conditions defined in equations (21) and (22) to address equation (40), we 

obtain: 

   𝑢 = −1 −
(𝑦2−ℎ2)

2
(
𝑑𝑝

𝑑𝑥
) +

2𝜖𝑊𝑒(𝑦
4−ℎ4)

4
 (
𝑑𝑝

𝑑𝑥
)
3

−
√𝐷𝑎

𝛼
[(
𝑑𝑝

𝑑𝑥
) ℎ + 2𝜖𝑊𝑒 (

𝑑𝑝

𝑑𝑥
)
3

ℎ3],                            (41) 

 

Making use of equation (41) into equation (36), we attain at 

  6𝑊𝑒  ∈ ℎ
5 (

𝑑𝑝

𝑑𝑥
)
3

  + 5ℎ3 (
𝑑𝑝

𝑑𝑥
) + 15(𝐹 + ℎ) +

√Da

𝛼
(ℎ2

𝑑𝑝

𝑑𝑥
+ 2ℎ4𝑊𝑒  ∈ (

𝑑𝑝

𝑑𝑥
)
3
) = 0                   (42) 

 

As 𝐷𝑎 approaches zero the equation (41-42) corresponds to the velocity and pressure expressions 

presented by Hayat et al. [15]. 

 

Due to nonlinearity, it is difficult to arrive at the analytical solution to equation (42). As a result, 

the solution is obtained using the standard perturbation approach. We expand 
𝑑𝑝

𝑑𝑥
 in terms of the 

parameter (|𝑊𝑒| ≪ 1) in order to use the perturbation approach as follows: 

    
𝑑𝑝

𝑑𝑥
= (

𝑑𝑝

𝑑𝑥
)
0
+𝑊𝑒 (

𝑑𝑝

𝑑𝑥
)
1
                                                                                                                                               (43) 

The solution of equation (42)  with the help of equation (43) is given by:   

 

𝑑𝑝

𝑑𝑥
= −

3(𝐹+ℎ)𝛼

ℎ2(3√Da+ℎ𝛼)
−
6ℎ2(−

135√Da(𝐹+ℎ)3𝛼3𝜖

ℎ6(3√Da+ℎ𝛼)3
−
27(𝐹+ℎ)3𝛼4𝜖

ℎ5(3√Da+ℎ𝛼)3
)𝑊𝑒

5(3√Da+ℎ𝛼)
 .                                                          (44) 

 

By solving equation (29) with boundary condition (23), the expression for temperature is given as: 

𝜃 = 1 +
5Br(

𝑑𝑝

𝑑𝑥
)
2
(ℎ4−𝑦4)+4Br(

𝑑𝑝

𝑑𝑥
)
4
𝑊𝑒(ℎ

6−𝑦6)𝜖

60(1+Pr Rd)
  .                                                                                                (45) 

The pressure difference across the one wavelength is calculated from the previous equation 
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∆𝑝 = ∫
𝜕𝑝

𝜕𝑥

1

0

𝑑𝑥. 

𝐹𝜆 = ∫ ℎ (−
𝜕𝑝

𝜕𝑥
)

1

0

𝑑𝑥. 

6. Results and Discussions: 

In this section, the exact solutions that were calculated in the prior sector are now visually 

exhibited, allowing us to scrutinize the belongings of several (dimensionless) significant 

constraints on the flow profile, with 𝑊𝑒 (Weissenberg number), 𝜖 (PTT parameter), 𝐷𝑎 (Darcy 

number) 𝛼 (slip parameter), 𝑅𝑑 (Thermal radiation parameter) 𝑃𝑟 (Prandtl number) (i.e., 

temperature profile, velocity profile, pressure gradient, pressure rise). The graphical plots 

illustrate the accuracy of the mathematical solutions, enabling a thorough analysis of the results. 

The velocity and temperature profiles shown in the graphs confirm that the boundary conditions 

in our case were maintained. The calculated mathematical solutions successfully satisfy the 

equations and boundary conditions. It is widely recognized that the axial velocity profiles display 

a parabolic shape, typical of slip flow, with zero velocity at the walls and maximum velocity at 

the channel center. 

 

6.1 Flow characteristics 

 

Figures 2(a)-(c) illustrate the impact of physical factors on the material characteristics of 

regulating fluid flow. In Figure 2(a), the velocity profile behavior is demonstrated with varying 

Darcy numbers (𝐷𝑎), showing a gradual decrease in axial flow velocity as 𝐷𝑎 increases. A higher 

porosity parameter corresponds to lower permeability, resulting in a reduced gap for fluid flow 

and leading to a decrease in velocity. Therefore, a porous medium acts as a resistive force that 

impedes fluid velocity. Figure 2(b) shows how the slip parameter, 𝛼, affects the velocity 

distribution along the 𝑥 − 𝑎𝑥𝑖𝑠. The slip parameter 𝛼, quantifies the degree to which the boundary 

allows fluid movement, representing the amount of "slip" occurring at the surface. An increase 

in 𝛼 indicates a decrease in frictional resistance at the boundary, resulting in reduced drag on the 

fluid as it flows along the surface. This allows the fluid to gain more momentum, leading to a 

higher velocity profile. As a result, the fluid can move more freely near the wall, enhancing the 

transfer of momentum and improving efficiency. The impact of the Weissenberg number (𝑊𝑒) is 

depicted in Fig. 2(c). It is evident from the figure that the Weissenberg number (𝑊𝑒)decreases 

the velocity of the liquid. The Weissenberg number  (𝑊𝑒)represents the ratio of elastic to viscous 

forces in the fluid. As the Weissenberg number (𝑊𝑒)increases, the fluid's elastic behavior 

becomes more dominant, indicating that the fluid can store more elastic energy rather than 

converting it into kinetic energy. This increased elastic effect opposes the fluid's motion, leading 

to a reduction in velocity. Essentially, as the Weissenberg number (𝑊𝑒)increases, the fluid 

exhibits more elastic characteristics, which dampen the flow and result in a lower speed along 

the x-direction. 



 

10 
 

  

 

 

Figure 2. Velocity distribution for diverse values of   a) 𝐷𝑎, b) 𝛼, c)  𝑊𝑒 through𝜑 = 0.95, 𝜙 =

0.6, 𝜀 = 0.1, 𝑥 = 0.25. 

6.2 Heat characteristics 

 

In this sub part, the impacts of several influential parameter through the temperature field are 

discussed since it has comprehensive series of applications in manufacturing and mediational 

procedure. Hence the graphs of the temperature field for diverse values of 𝑊𝑒 , Brinkmann 

number 𝐵𝑟, Darcy number 𝐷𝑎, Prandtl number 𝑃𝑟, and thermal radiation 𝑅𝑑 are displayed in 

Figs. 3(a)-(e) respectively. Figure 3(a) shows the impact of varying the Weissenberg number 

(𝑊𝑒) on the liquid's temperature. The Weissenberg number is a dimensionless parameter that 

compares elastic effects to viscous forces in a fluid. A higher Weissenberg number indicates 

stronger elastic behavior, allowing the fluid to store and release energy during deformation. This 

reduces heat generation by converting some mechanical energy into elastic energy. This property 

is beneficial in practical applications such as polymer processing and lubrication systems. By 

controlling the Weissenberg number, temperature can be regulated, viscosity optimized, energy 

efficiency improved, and lubricant lifespan extended. Manipulating the Weissenberg number is 

essential for optimizing thermal management in industrial processes. 

Figure 3(b) demonstrates the effect of the Brinkmann number (𝐵𝑟) on the fluid temperature. 

Physically, 𝐵𝑟 represents the ratio of viscous heating where mechanical energy is converted into 

thermal energy through friction to the rate of heat conduction away from the fluid. As 
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𝐵𝑟 increases, the viscous dissipation becomes more pronounced relative to the fluid’s ability to 

remove heat, leading to a rise in the temperature. This is particularly significant in practical 

applications such as lubrication systems or polymer processing, where managing viscous heating 

is essential to prevent overheating, maintain material integrity, and optimize process efficiency. 

Figures 3(c)-(e) illustrate the temperature distribution for varying Darcy number (𝐷𝑎), Prandtl 

number (𝑃𝑟), and thermal radiation parameter (𝑅𝑑). Increasing 𝐷𝑎, 𝑃𝑟, and 𝑅𝑑 leads to a 

reduction in the temperature profile. A higher 𝐷𝑎 signifies greater permeability, which enhances 

fluid motion, convective heat transfer, and cooling efficiency, resulting in lower fluid 

temperatures. Higher 𝑃𝑟 leads to a thinner thermal boundary layer, a steeper temperature 

gradient, and lower surface temperatures see (3d). An increase in 𝑅𝑑 causes more radiative heat 

loss, further decreasing the temperature. Together, these parameters improve fluid flow, sharpen 

the thermal gradient, and increase radiative heat dissipation, leading to a lower temperature 

distribution. 𝐷𝑎 represents the permeability of the porous medium, with higher values promoting 

better fluid flow and heat dissipation, thus reducing the temperature. 𝑃𝑟 quantifies the ratio of 

momentum to thermal diffusivity, where a higher 𝑃𝑟 indicates faster momentum diffusion, 

resulting in lower temperatures. 𝑅𝑑 measures thermal radiation effects, with larger values 

increasing radiative heat loss and lowering the overall temperature. In peristaltic transport with a 

permeable boundary, these factors collectively enhance heat removal, promoting a cooler PTT 

fluid temperature profile. 
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Figure 3. Temperature distribution for diverse a) 𝑊𝑒  b) 𝐵𝑟  c) 𝐷𝑎  d) 𝑃𝑟 e) 𝑅𝑑 through 𝜑 =

0.95, 𝜙 = 0.6, 𝜀 = 0.1, 𝑥 = 0.25. 
6.3 Pressure gradient: 

The axial pressure gradient profiles, or the pressure gradient vs the axial coordinate along the 

channel's center line in one period with fixed time and flow rate, are shown in Figs. 4(a)-3(c). 

Due to the nature of the peristaltic flow, it is evident that the pressure gradient profiles are uniform 

and display periodicity; specifically, they are minimal at fully relaxed wall sites and exhibit 

highest values at fully contracted wall sites. Figure 4(a) illustrates how the Weissenberg number 

(𝑊ₑ) which quantifies the ratio of elastic to viscous forces in the fluid-e and affects the pressure 

gradient across the channel. As Weissenberg number (𝑊ₑ) increases, the elastic forces become 

more prominent, leading to a steeper pressure gradient. Specifically, in the regions near the 

channel walls (𝑥 ∈  [0,  0.5] and [1,  1.4]), the pressure changes only gradually, suggesting that 

the boundary layers experience relatively mild elastic effects. However, in the central region (𝑥 ∈
[0.6,  0.9 ]), the pressure gradient is much more pronounced, indicating that the influence of a 

higher 𝑊ₑ, which may represent additional rheological properties such as fluid 

relaxation, intensifies the elastic stresses in this core area. In addition, Figure 4(b) shows that for 

a fixed thermal parameter (𝛩), increasing the Darcy number (𝐷𝑎) results in a lower overall 

pressure. Physically, a larger 𝐷𝑎 implies a more permeable porous medium, which facilitates 

easier fluid flow and reduces the pressure required to drive the motion through the channel. 

Together, these observations highlight the complex interplay between fluid elasticity, structural 

properties, and the permeability of the medium, all of which critically influence the pressure 

distribution in the system. In Figure 4(c), it is observed that as the slip parameter 𝛼 increases, the 

pressure gradient also increases. 
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Figure 4. Pressure gradient for diverse a) 𝑊𝑒  b)  𝐷𝑎  c) 𝛼 through 𝜑 = 0.95, 𝜙 = 0.6, 𝜀 = 0.1. 

6.4 Pumping Characteristics: 

The well-known phenomenon of peristaltic transport is associated with mechanical pumping. 

Therefore, it is important to investigate the pumping performance based on existing studies. This 

pumping method enables the controlled transfer of liquid volume from one area to another 

without any disturbance. The graphs depict the pressure rise for various values of the 

Weissenberg number (𝑊𝑒), slip parameter (𝛼), and Darcy number (𝐷𝑎). Figures 5(a)-4(c) 

illustrate the change in pressure rise (∆𝑝) with respect to the flow rate (𝑄). A linear relationship 

between flow rate and pressure is observed, with three distinct pumping regions: (i) pumping 

region (∆𝑝 > 0), (ii) free pumping region (∆𝑝 = 0), and (iii) augmented pumping region (∆𝑝 <
0). The influence of the Weissenberg number (𝑊𝑒) on pressure increase is shown in Figure 5(a). 

The Weissenberg number is a dimensionless quantity that measures the ratio of elastic to viscous 

forces in the fluid. Its effect on the pumping performance is twofold: In the pumping region, an 

increase in 𝑊𝑒 results in a decrease in the pressure rise. This suggests that as the elastic effects of 

the fluid become more pronounced, they tend to oppose the pressure buildup, possibly by 

allowing the fluid to stretch and relax more easily. Conversely, in the augmented pumping region, 

a higher 𝑊𝑒 leads to a more pronounced negative pressure, thereby enhancing the pumping effect. 

This indicates that under conditions where the system benefits from a negative pressure gradient, 

the elastic properties actually help to drive the fluid more efficiently. Previous studies by Hayat et 

al [15], support this observation, particularly for linear PTT fluids. From Figure 5 (b), it is seen that 
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the rise in pressure is an increasing function of slip parameter 𝛼  in pumping region where as it 

is decreasing function in augmented pumping region. The impact of Darcy number (𝐷𝑎)on 

pressure rise is illustrated in Figure 5(c). The Darcy number characterizes the permeability of the 

medium through which the fluid flows. Its impact on the pressure rise is found to be similar to 

that of the Weissenberg number. 

 

  

 

 

Figure 5. Variations of pressure gradient Δ𝑝 versus 𝑄 for a) 𝑊𝑒  b)  𝛼  c) 𝐷𝑎 through 𝜑 =
0.95, 𝜙 = 0.6, 𝜀 = 0.1. 
 

 

6.5. Validition: 

The results obtained by the developed code are validated with the results presented by channakote 

et al, [17] as the limiting case, i.e. 𝐷𝑎 = 0 . 

Channakote at al. [17]  𝑈ℎ𝑠 = 0 Present work 𝐷𝑎 = 0 

𝑤𝑒 = 0,1 𝑤𝑒 = 0,2 𝑤𝑒 = 0,3 𝑤𝑒 = 0,4 𝑤𝑒 = 0,1 𝑤𝑒 = 0,2 𝑤𝑒 = 0,3 𝑤𝑒 = 0,4 

0,3602 0,1867 −0,03191 −0,2665 0,3603 0,18674 −0,0321 −0,2765 

0,2195 0,06742 −0,1292 −0,3416 0,2196 0,0675 −0,1310 −0,3426 

−0,2182 −0,3093 −0,4366 −0,5764 −0,2183 −0,30946 −0,4470 −0,5864 

−1 −1 −1 −1 −1 −1 −1 −1 
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Figure 6. Comparision of the computational velocity with channakote at al.[17] for different 

values of 𝑤𝑒 when 𝜙 = 0.5, 𝜖 = 0.3, 𝑥 = 0.25, 𝜑 = 0.95.  
 

7. Conclusion  

 

In this research, a mathematical analysis has been performed on peristaltic flow caused by heat 

and thermal radiation in viscous movement through a permeable channel. The primary aim of 

this research is to emphasize the impacts of thermal radiation, permeable boundaries, and Phan-

Thien-Tanner fluid model characteristics on velocity, temperature, pressure gradient, and 

pressure rise occurrences.  

The key results of this study are outlined as follows 

 

1. Velocity is decreasing function for 𝑊𝑒 and Da whereas it is an increasing function of slip 

parameter. 

2. The temperature enhances with increasing values of 𝑊𝑒 and Br. 
3. The pressure gradient increases with increasing Weissenberg number 𝑊𝑒 and slip 

parameter 𝛼. 
4. Pressure gradient reduces with increasing permeability (higher Darcy number). 

5. Pressure rise reduces with increasing permeability (higher Darcy number) and 

Weissenberg number, in the pumping region whereas the reverse trend is observed in the 

augmented pumping region. 

The findings have important real-world applications, ranging from biomedical devices such as 

artificial peristaltic pumps used in drug delivery systems and minimally invasive surgical 

procedures to industrial processes involving the handling of complex fluids, such as polymer 

processing, oil recovery in porous media, and the design of microfluidic cooling systems. These 

insights pave the way for improved design and control of systems where precise fluid transport 

and thermal management are critical. Moreover, developing realistic geometrical models that 

account for the irregular and varying cross-sections of biological tissues would enhance the 

practical relevance of the findings. Exploring different boundary conditions that represent various 

biological interfaces could also provide a more detailed understanding of the system's behaviors 



 

16 
 

under diverse physiological conditions. Future research could also focus on experimental 

validation and examine the effects of varying electric field strengths and nanofluids. 

Nomenclature 

 

(𝑢, 𝑣): velocity components (in moving frame) 𝑘: relaxation time 

(U̅, V̅, ): velocity components (in laboratory frame) 𝐼: identity tensor    

 (X̅, Y̅) : axes are taken respectively parallel and 

transverse to the direction of wave propagation 

𝐷𝑎 : Darcy number 

𝑎: radius of the tube        𝐵𝑟 : Brinkmann number 

𝑏: wave amplitude We : Weissenberg number 

𝑐: wave speed Pr: Prandtl number  

𝔻 : deformation-rate tensor 𝛿: wave number 

𝑡𝑟 : trace 𝑅𝑒 : Reynolds number 

𝑡 : time T:  Cauchy stress tensor 

𝜏∇: Oldroyd’s upper-convicted derivative 𝜆 : Wavelength 

𝜙 : phase difference varying in the range 0 ≤ 𝜙 ≤ 𝜋  
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